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 Textbooks continue to play an important role in teaching and learning. 
Coherence is an assumed feature of all textbooks, but it is ill-defined and rarely 
examined in detail. In the first study, I developed a framework for examining textbook 
coherence at three levels: macro-logical coherence, meso-lesson-structure coherence, 
and micro-example-practice coherence. Then I used this framework to analyze textbook 
coherence on the topic of equivalent fractions in the three series of mathematics 
textbooks selected from California, Shanghai, and Singapore, respectively. The findings 
suggest the feasibility of a framework that can contribute to our understanding of 
textbook coherence and to the possible improvement of specific topic presentation and 
organization in textbooks.  
 The second study focused on example-practice coherence by analyzing all 
problems from the chapters on fractions in the three series of mathematics textbooks. 
Since problems are important components of school mathematics textbooks, the 
variation of problems should be in line with students’ cognitive levels. To examine 
example-practice problem coherence, I developed a conceptual framework for problems’ 
cognitive requirement in terms of five aspects of variations: response, operation, 
reasoning, representation, and connection. After comparing the coherence between 
example and practice problems in terms of these five aspects, the results show that these 
textbooks have different emphases. California textbooks emphasize the variations of 




problems in connection and representation. Singapore textbooks emphasize the 
variations of problems in reasoning and response. 
 The third study aimed to examine U.S. and Chinese teachers’ knowledge for 
teaching equivalent fractions. A conceptual framework for instructional coherence was 
developed based on the MKT model. This framework includes two aspects: coherence of 
mathematical content and coherence of mathematical pedagogy.  Based on this 
framework, I designed the interview tasks and interviewed ten U.S. and ten Chinese 
math teachers, separately. After analyzing and comparing teachers’ responses, the 
findings reveal the different emphases on teaching between selected U.S. and Chinese 
teachers and also suggest the feasibility of the framework that can contribute to the 
understanding of the instructional coherence and improve teachers’ mathematical 
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1. INTRODUCTION  
 
 Coherence means “consistency in reasoning, or relating, so that one part of the 
discourse does not destroy or contradict the rest; harmonious connection of the several 
parts, so that the whole ‘hangs together’” (Oxford English Dictionary, 2017). For 
example, when something has coherence, all its parts fit together well; thus, an argument 
with coherence is logical and complete, with plenty of supporting facts. Schmidt, Wang, 
and McKnight (2005) argued that if content standards are to be coherent, they must be 
articulated as a sequence of topics and performances which reflects the structure of the 
corresponding discipline. In regard to textbooks, coherence involves different levels, 
such as operating within a grade level or across grades.  
 One aspect of a high-quality textbook is readability for as many people as 
possible. The textbook can start with simple concepts, then gradually introduce more 
difficult ones so that someone without a relevant background in the topic being 
discussed can easily understand it. As Socrates said, everyone is teachable; similarly, 
any textbook should be readable, so coherence is essential for comprehensible textbooks. 
Furthermore, textbooks are essential tools for a teacher to teach the content effectively; 
therefore, a coherent textbook plays an important role in promoting the coherence of 
teachers’ instruction (Chen & Li, 2010).  
 Textbooks are the main bodies of curricula. In this dissertation, I focus on 
textbooks because textbooks being published by publishing houses or departments of 




exercises, and other teaching resources are in dynamic states. Therefore, textbooks are 
more available to be researched objects than curricula. In addition, a close relationship 
exists between textbooks and curricula. The term coherent curriculum
1
 or aligned 
curriculum refers to an academic program that is (1) well-organized and purposefully 
designed to facilitate learning, (2) free of academic gaps and needless repetitions, and (3) 
aligned across lessons, courses, subject areas, and grade levels (Education Reform, 
2017). Another important characteristic of a coherent curriculum is that it provides many 
pedagogical supports (Roseman, Linn, & Koppal, 2008). More specifically, a coherent 
curriculum should provide one problem with multiple solutions, multiple 
representations, or transitional language from informal to formal, to support teaching and 
learning by exploring rather than by merely presenting content. Furthermore, 
pedagogical support can be incorporated directly into students’ materials as well as 
materials intended specifically for teachers. Roseman et al (2008) posed seven 
representations of curriculum coherence. They are:  
 Taking account of prerequisite knowledge and student misconceptions to enable 
students to construct new understanding that builds on their prior understanding; 
 Helping students appreciate the purpose of classroom activities and the content 
they are learning to provide an adequate level of motivation to learn; 
 Using phenomena and representations to clarify the meaning of abstract ideas 
and to make the ideas plausible to students;  
                                                 
1
 In this dissertation, we regard curriculum coherence as textbook coherence. Textbooks are the main 
bodies of curricula. I focused on textbooks rather than curricula. Therefore, I assumed that curriculum 
coherence can be equally treated as textbook coherence. I then used only textbook coherence and coherent 





 Helping students interpret phenomena and representations in light of the ideas;  
 Promoting student reflection and application of their developing understanding;  
 Using continuous assessment and student feedback to inform instruction;  
 Enhancing the learning environment to enable students with different abilities 
and levels of preparation to experience success (pp. 26-27).  
 Roseman, Linn, and Koppal (2008) also argued that the content of curriculum 
materials was coherent when it focused on an important set of interrelated ideas and 
made various kinds of connections explicit. Roseman et al. (2008) claimed that the three 
important connective aspects contributing to curriculum coherence were: a) alignment 
with a coherent set of ideas; b) the connections between the ideas of science and 
phenomena in the natural world; c) the connections to prerequisite and other related 
ideas. Similarly, Schmidt, Houang, and Cogan (2004) stated that the content 
characteristics of a coherent curriculum referred to highly non-repetitive, focused, and 
challenging conceptual organization.  
 However, it has been documented that some US elementary mathematics 
teachers believed it was acceptable for children to not understand some ideas the first 
time (or even the second or third time) because they would learn those ideas again 
(Watanabe, 2007). This view is incompatible with a focused curriculum or a coherent 
curriculum. Such repetition (learn them again) can be replaced by standards including a 
learning trajectory, which links coverage of the topic throughout succeeding grade levels 
and reduces the repetition occurring during that time period (Houang & Schmidt, 2008). 
As the National Council of Teachers of Mathematics (NCTM) (2000) states, “a 




curriculum must present and demonstrate the internal consistency and coherence of 
curriculum materials. Meanwhile, teachers must pay more attention to knowledge 
connection within and across grades to realize the internal consistency and coherence of 
a mathematics curriculum. Teachers are bridges between the content of textbooks and 
students’ learning. It is essential to know teachers’ knowledge for teaching. 
Consequently, based on the perspective of coherence, in this dissertation, I will focus on 
these two aspects: How do textbooks present equivalent fractions, and what is teachers’ 
mathematical knowledge for teaching equivalent fractions?  
1.1. Statement of the Studies 
 In my dissertation, I will focus on the two above aspects by employing the 
perspective of coherence: a) How do textbooks present equivalent fractions? and b) 
What is teachers’ knowledge for teaching equivalent fractions? The first aspect includes 
two topics, and the second aspect includes one topic. Furthermore, I employ this 
comparative study to address the two issues. I will explore the issue of textbooks and 
teachers on equivalent fractions in terms of three stages as  
Figure 1.1 shows. 
 In the first stage, I selected three series of featured mathematics textbooks from 
California, Shanghai, and Singapore. To reduce complexity while retaining the 
connections between mathematical knowledge, I will focus on equivalent fractions 
content to analyze, in detail, the characteristics of the three series of mathematics 
textbooks based on the perspective of coherence. This cross-national study reports the 




textbooks. This sub-study developed a framework for textbook coherence in terms of 
three levels: macro-logical coherence, meso-lesson-structure coherence, and micro-
example-practice coherence. Then, this framework was used to examine the similarities 
and differences in the coherent characteristics of equivalent fractions in the three series 
of mathematics textbooks.  
 
 
Figure 1.1 The flowchart framework of this dissertation. 
 
 In the second stage, I will focus on the micro-example-practice level to analyze 
the characteristics of mathematical problems by analyzing all problems in the chapters 
on fractions from the three series of mathematics textbooks. Because problems are 




examine the coherence between example and practice problems in the three series of 
textbooks by analyzing the coherence variation of problems. The variation of problems 
should be in line with students’ cognitive levels. Therefore, in this sub-study, based on 
the prior studies (e.g., Li, 2000; Smith &Stein, 1998; Son & Senk, 2010; Wijaya, van 
den Heuvel-Panhuizen, & Doorman, 2015), I will develop a conceptual framework for 
the variation of problems including six aspects: problems’ cognitive requirement, 
response, operation, reasoning, representation, and connection. Then I will build a model 
for problems’ cognitive requirement including other five aspects. This sub-study is 
intended to explore the coherence of example and practice problems’ cognitive 
requirements in term of the five aspects and to examine the similarities and differences 
in the coherence of example and practice problems from the three series of textbooks.   
 In the last stage, I will explore the second aspect of my dissertation based on the 
perspective of coherence: What is the teachers’ knowledge for teaching equivalent 
fractions? Based on the Mathematical Knowledge for Teaching (MKT) model (Ball, 
Thames, & Phelps, 2008), to teach this topic, teachers should have subject matter 
knowledge and pedagogical content knowledge about equivalent fractions. The third 
sub-study is designed to examine teachers’ knowledge for teaching equivalent fractions 
by employing a new perspective of coherence and comparing US and Chinese 
mathematics teachers’ knowledge of equivalent fractions.  
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2. TEXTBOOK COHERENCE: THE CASE OF EQUIVALENT FRACTIONS IN 




 It is commonly acknowledged that textbooks, as important materials, play a 
significant role in teaching. Generally, textbooks provide teachers with content; and they 
also serve as the bridges between students and teachers, as teachers use textbooks to 
develop their lesson plans (Thompson, Senk, & Johnson, 2012). Mathematics textbooks 
affect the content that teachers cover in class, the order of the progression of topics, and 
the ways by which to present mathematical content in teaching (Stein, Remillard, & 
Smith, 2007). In the United States, two-thirds of middle school mathematics teachers 
reported that they used one mathematics textbook all or most of the time and taught at 
least three-fourths of the textbook in a given year (National Research Council, [NRC], 
2001); “the correlation between textbook coverage and what teachers teach is 0.95” 
(Schmidt, Houang, & Cogan, 2002, p. 8). Similarly, in China and Singapore, each 
student has a student-version mathematics textbook for each school year. Teachers must 
cover all the content of mathematics textbooks during a certain period. Furthermore, 
many studies have provided the evidence for the statement that a significant relationship 
exists between students’ use of textbooks and their achievement (e.g., Agodini et al., 




high-quality mathematics textbooks that can be “a powerful catalyst for improving 
learning for students and teachers alike” (Roseman, Stern, & Koppal, 2010, p.48).  
 Many studies have reported the characteristics of content presentation in different 
textbooks across countries in the past 10 years (e.g., Amal, 2011; Charalambous Delaney, 
Hsu, & Mesa, 2010; Fan & Zhu, 2007; Li, 2000; Son & Senk, 2010; Thompson et al., 
2012; Wijaya, van den Heuvel-Panhuizen, & Doorman, 2015). The results from these 
studies presented the advantages and disadvantages of mathematics textbooks in 
different countries through textbook comparison.  It is commonly acknowledged that 
coherence is a foundational requirement for textbooks (Roseman et al., 2010). As the 
Common Core State Standards Initiative (CCSSI) stated, “mathematics is not a list of 
disconnected topics, tricks, or mnemonics; it is a coherent body of knowledge made up 
of interconnected concepts” (CCSSI, 2017). Coherence is essential for a set of quality 
textbooks. However, few studies have employed the perspective of coherence to 
compare and analyze textbooks (e.g., Schmidt, Houang, & Cogan, 2004; Schmidt, Wang, 
& McKnight, 2005). One reason may be that, due to the complex nature of mathematical 
knowledge, no consensus has been reached on the definition of “coherence.” This 
conceptual issue becomes even more complicated when one wants to compare different 
education systems. Second, mathematics educators still have not developed tools for 
textbook analysis from the perspective of coherence. Therefore, there is both theoretical 
and practical significance in analyzing the presentation of textbook content in different 




 To simplify the research range, I selected the single topic of equivalent fractions 
because this topic is usually introduced in the third or fourth grade and reviewed later in 
both fifth and sixth grades. To be specific, on the one hand, knowledge of equivalent 
fractions can be used to check students’ understanding of fractions in terms of different 
pictorial models (e.g., area model, length model, set model, and number line) in the 
elementary stage. Therefore, textbooks can arrange the topic of equivalent fractions after 
the definition of fractions. On the other hand, equivalent fractions are the foundation of 
the addition and subtraction of unlike fractions. Students are then expected to master 
equivalent fractions before learning four operations of fractions. Thus, the topic of 
equivalent fractions can be arranged before the topic of the addition and subtraction of 
unlike fractions. According to the Common Core State Standards (Common Core State 
Standard Initiative, 2010), equivalent fractions instruction begins in third grade and 
continues through middle school in the US. Meanwhile, equivalent fraction instruction 
begins in third grade and stops in sixth grade in Shanghai (Shanghai Department of 
Education, 2017). The Singapore syllabus requires students to learn equivalent fractions 
in third grade. Therefore, the topic of equivalent fractions is an appropriate medium 
through which to study the presentations of mathematical content in different textbooks 
from different education systems.  
 For this study, based on the definition of curricula coherence in Schmidt et al. 
(2002) and Cuoco and McCallum (2018), I developed a framework for textbook 
coherence. Using this framework, I compared the similarities and differences among the 




textbooks. This study provides a whole picture of equivalent fractions in the three series 
of textbooks. The findings will hopefully not only provide teachers and mathematics 
educators with the representations of equivalent fractions in three textbook series, but 
also provide mathematics educators with several perspectives on textbook coherence.  
2.2. Literature Review 
2.2.1. The Studies of Mathematics Textbooks 
 Mathematics textbooks received more attention in international mathematics 
education communities after Schmidt and his colleagues’ work was published (e.g., 
Schmidt & Houang, 2012; Schmidt, McKnight, Calverde, Houang, & Wiley, 1997; 
Schmidt, Wang, & McKnight, 2005, 2012). Many studies have analyzed the 
characteristics of textbooks by comparing textbooks from different countries (e.g., Fan 
& Zhu, 2007; Li, 2000; Wijaya, van den Heuvel-Panhuizen, & Doorman, 2015). These 
studies used the method of content analysis to analyze two main aspects of textbooks: 
narrative content and problems. For example, Fan and Zhu (2007) focused on the 
analysis of problem-solving procedures in selected mathematics textbooks in China, 
Singapore, and the US. Li (2000) analyzed the presentation of problems in mathematics 
textbooks from China and the US by developing a three-dimensional framework to 
illustrate the similarities and differences in expectation related to students’ mathematics 
experiences. Wijaya et al. (2015) employed the perspective of the opportunity-to-learn to 
analyze four aspects of problems in three Indonesian textbooks. Additionally, Porter 
(2006) explored the characteristics of high-/low-quality textbooks by using a framework 




cognitive demands (performance goals or performance expectations) as columns to 
describe mathematical content. However, few studies employed the perspective of 
coherence to analyze mathematics textbooks (e.g., Schmidt et al., 2004; Schmidt et al., 
2005). Therefore, this study will examine the presentation of mathematical content by 
employing the perspective of coherence.  
2.2.2. Textbook Coherence  
 Mathematics is presented as a coherent, consistent, structured, hierarchical, and 
organized knowledge system of concepts, laws, and propositions (Suppe, 1977; Koponen 
& Pehkonen, 2010). The Common Core State Standards Initiative (CCSSI) stated that 
“mathematics is not a list of disconnected topics, tricks, or mnemonics; it is a coherent 
body of knowledge made up of interconnected concepts” (CCSSI, 2017). Therefore, 
coherence is a necessary feature for mathematics textbooks 
 Coherence can ensure that the system of knowledge is a whole rather than a 
mixed set of concepts, theorems, propositions, or models (Koponen & Pehkonen, 2010). 
Coherent knowledge is relatively readable and understandable for learners. The 
coherentists claim that knowledge is a globally connected system with knowledge of 
structure. Most importantly, when new knowledge is added to the system, the large parts 
of the structure are involved, and the structure itself is also affected by the new 
knowledge (Kosso, 2009). Therefore, coherence between the different content becomes 
essential for a textbook that includes different topics of content within/across grades.  
 CCSSI (2017) also defines coherence on mathematics curriculum as “linking 




 The standards are designed around coherent progressions from grade to grade. 
Learning is carefully connected across grades so that students can build new 
understanding onto foundations built in previous years..... Each standard is not a new 
event, but an extension of previous learning. Coherence is also built into the standards in 
how they reinforce a major topic in a grade by utilizing supporting, complementary 
topics. For example, instead of presenting the topic of data displays as an end in itself, 
the topic is used to support grade-level word problems in which students apply 
mathematical skills to solve problems (CCSSI, 2017). 
 The coherence that CCSSI describes focuses on the structure of mathematics and 
the natural pathways through that structure. The natural pathways should follow the 
logical sequence and cognitive development in designing the sequence of mathematics 
content. Meanwhile, Koponen and Pehkonen (2010) claimed that the coherence of 
knowledge is involved in explanatory and deductive coherence. They further said, “The 
explanatory coherence is quite naturally connected to the methodology of the 
experiments [in science]. The deductive coherence, on the other hand, is closely related 
to the deductive use of models and model-type symbolic relations.” (p. 262)  
 Some studies have proposed a framework for curriculum evaluation (e.g., NRC, 
2004; Reys, Reys, & Chavez, 2004; Tarr, Reys, Barker, & Billstein, 2006). NRC (2004) 
proposed a framework for curriculum evaluation including three major components: “(a) 
the program materials and design principles; (b) the quality, extent, and means of 
curricular implementation; and (c) the quality, breadth, type, and distribution of 
outcomes of student learning over time” (p. 4). However, this framework did not include 
any detailed instructions for each aspect. When employing the framework to assess 




 Tarr et al. (2006) proposed a relatively detailed framework for judging the 
quality of textbooks, which included three aspects: mathematics content emphasis, 
instructional focus, and teacher support. The first aspect is to examine the degree to 
which textbooks align with accepted curriculum standards. The second aspect is to 
examine the degree to which textbooks provide teachers with problems, activities, and 
investigations that engage students in inquiry-based learning, stimulating classroom 
discourse, and fostering mathematical reasoning. The last aspect is to examine the extent 
to which textbooks offer teachers insights and background materials with which to 
engage students in exploring, creating, and generalizing mathematical ideas, as well as 
provide support materials for teachers to plan and implement instruction. Although Tarr 
et al.’s (2006) framework provides detailed instruction on each aspect, this framework 
does not include our focal aspect: coherence.  
 Similarly, Reys, Reys, and Chavez (2004) stated that textbooks should present 
materials coherently, develop ideas in depth, engage students, and motivate learning. 
They suggested that teachers who assess a textbook should address the following 
questions:  
(a) What key mathematical ideas in each content strand should each grade level 
address?  
(b) How does the content of the textbook align with these key mathematical ideas?  
(c) What types of activities does the textbook provide? Are students challenged to 
think and develop understanding, or are they simply shown how to work some 
exercises and then asked to practice procedures? Will these activities engage 




(d) Is there a focus on mathematical thinking and problem solving? Are students 
expected to explain “why”? Does the textbook encourage students to explore “what 
if” questions and to offer and text conjectures? (p. 65) 
However, Reys et al. (2004) did not state what a coherent approach to present content 
was, although they mentioned that textbooks should present mathematical content 
coherently. As NCTM (2000) states, “a curriculum is more than just a collection of 
problems and tasks” (P. 14). Curriculum editors must pay close attention to the internal 
consistency and the coherence of curriculum materials.  
 Schmidt, Wang, and McKnight (2005) stated that content standards were 
coherent if “they are articulated over time as a sequence of topics and performances 
consistent with the logical and, if appropriate, hierarchical nature of the disciplinary 
content from which the subject-matter derives” (p. 528). In other words, textbook 
coherence must involve different grade levels, such as within a grade or across grades. 
Therefore, the content characteristics of a coherent textbook must be a highly non-
repetitive, focused, and connected conceptual organization (Schmidt, Houang, & Cogan, 
2004). 
2.2.3. The Conceptual Framework for Textbook Coherence and Research 
Questions 
 Schmidt et al. (2005) defined content as coherent “if they are articulated over 
time as a sequence of topics and performances consistent with the logical and, if 
appropriate, hierarchical nature of the disciplinary content from which the subject-matter 
derives” (p. 528). Cuoco and McCallum (2018) further elaborated on this definition from 




between standards and curriculum; two, they proposed coherence of practice as another 
aspect of curriculum coherence. That is, this new elaboration includes two aspects: 
coherence of content and coherence of practice. A coherent sequence of topics might be 
achieved in three specific ways: logical sequencing, the evolution from particulars to 
deep structures, and the use of deep structures to make connections. Additionally, the 
aspect of coherence of practice includes using structure and abstraction. Based on the 
above elaboration of coherence, I developed a framework including three aspects: the 
macro-logical coherence, the meso-lesson-structure coherence, and the micro-example-
practice coherence. Following, I describe each of the levels.  
 The first aspect for analysis, the macro-logical coherence corresponds to the 
logical sequences of Cuoco and McCallum (2018). I not only analyzed the content 
requirement or learning objectives in the curriculum standards based on the assumption 
that the curriculum standards were coherent but also used the table of contents to obtain 
the sequences of topics. In this way, I examined the logical progression of the treatments 
of equivalent fractions in each textbook series. Next, for the meso-lesson-structure 
coherence, the detailed treatment of equivalent fractions in each set of textbooks was 
used to analyze the structure of individual lessons on equivalent fractions. The 
presentation includes the sequences of topics that make up the components of the lessons 
about equivalent fractions. The purpose of this meso-level is to examine whether the 
structure goes through the evolution from particulars to deep structures and uses deep 





Table 2.1 The Conceptual Framework for Curriculum Coherence. 
Aspect Categories 
Macro-logical coherence: Assuming that the curriculum standards on mathematical 
content sequence are logically coherent, check the logical coherence of this topic by 
comparing it with the curriculum standards.   
Curriculum 
standards 
Compare the content requirement or teaching objectives for the 
sequence of lessons equivalent fractions to the curriculum standards. 
Table of contents  Use the table of contents to obtain the sequences of topics.  
 
Meso-lesson-structure coherence: Examine the structural coherence of equivalent 
fractions by analyzing the evolution of equivalent fractions in the textbooks and by 
checking whether the content evolves from particular to deeper structures and uses deep 
structures to make connections (Schmidt et al, 2005; Cuoco & McCallum, 2018).  
Particular to 
deeper structures 
The method of presenting the concept of equivalent fractions and 




Use the content of equivalent fractions across the lessons in the 
textbooks to compare lesson structures on equivalent fractions, 
which include the components of the fractions lessons and their 
connections. 
 
Micro-example-practice coherence: Examine the coherence by analyzing and 
comparing the similarities and differences in the five aspects between examples and 
practices. 
Representations Concrete: real world with/without pictures. 
Pictorial: pictures with information. 
Abstract: written language or purely mathematics context. 
Translate among concrete, pictorial, and abstract representation. 
Response types Numerical answers. 
Numerical expressions. 
Explanation or solution or justification. 
Computation No computation. 
Simple computation, fewer than three steps computation. 
Complicated computation, more than three steps. 
Connection No connection. 
Connecting to one mathematical concept. 




Basic application of skills/concepts. 
Reflection. 
 
Note. Equivalent Fractions Rule refers to the rule of equivalent fractions, a/b = (a × n)/(b × n) = (a ÷ m)/(b 





 Lastly, the micro-example-practice problem coherence corresponds to the 
coherence of practice in Cuoco and McCallum (2018). To analyze this, I coded all 
example and practice problems in terms of five aspects: representation, response, 
computation, connection, and cognition requirements (see Table 2.1). Then I analyzed 
and compared the coded values of all examples to the values of all practice problems. 
 The first aspect is representation. This refers to how problems are presented, and 
whether any patterns of problem representations (daily language, pictures, symbol or 
abstract mathematical language) exist across grade levels (Ding 2016). The second 
aspect is response. The types of responses are classified as numerical answers, numerical 
expression, and explanation-solution-justification (Li, 2000; Son & Senk, 2010). The 
third aspect is computation. The categories for this are no computation, simple 
computation, and complicated computations (Li, 2000; Son & Senk, 2010). The fourth 
aspect is connection. The connections of problems refer to whether or not the problems 
are connected to other knowledge across lessons. For example, a problem may be 
connected to some situations outside of school or be connected to other mathematical 
knowledge within a unit or between units/chapters (Charalambous et al., 2010). The 
categories for this are no connection, connecting to one mathematical concept, and 
connecting to more than one mathematical concept. The fifth aspect is cognition. The 
cognitive level of a problem is one of the important aspects of the nature of problems. 
The categories for cognitive level are recall, understanding, and reflection (e.g., Wijaya 




 As mentioned above, this framework includes three levels: macro-logic 
coherence, meso-lesson-structure coherence, and micro-example-practice coherence. 
The framework is employed to answer the question: What are the similarities and 
differences between the presentation of equivalent fractions in California, Shanghai, and 
Singapore mathematics textbooks? To be specific, this study will address the following 
research questions:  
 What is the logical sequence of equivalent fraction concepts in each of the three 
selected mathematics textbooks?  
 How are the lessons on equivalent fractions structured, and how are they 
introduced and developed?  
 What are the characteristics of examples and practice problems presented in these 
textbooks? 
2.3. Method 
2.3.1. Textbook Selection 
 This study selected three series of mathematics textbooks from California, 
Shanghai, and Singapore. As mentioned previously, this study focused only on the 
analysis of equivalent fractions. Therefore, the corresponding units of equivalent 
fractions were selected for analysis in this study. In addition, the three regions have their 
own specific system contexts. Following, I introduce background information about the 
three regions and three series of textbooks. 
 First, California is one of the richest and most populous states in the United 




in recent years (Kirst, 2017
2
). In the US, each state has its own independent education 
system and each district has the right to recommend several series of textbooks for 
teachers. Then, teachers have the right to select the appropriate textbooks for their 
students. The Macmillan/McGraw textbooks are the commonly used in California 
(Koedel, Li, Polikoff, Hardaway, & Wrabel, 2016). Hence, the series of California 
Mathematics - Macmillan/McGraw-Hill (Altieri et al., 2007 G2-6) was selected for use 
in this study. 
 Similarly, Shanghai is one of the largest cities in Asia and has its own education 
system and mathematics curriculum standard, while China has a national education 
system. Only one series of mathematics textbooks in Shanghai is published by the 
Shanghai Education Press (SEP) (Huang, Ye, Tong, Song, Ju, & Xu, 2014; Qiu, Huang, 
Zhang, Ke, Xia, Xu et al. 2014). The selected SEP is a reform textbook series based on 
the new Shanghai G1-12 Mathematics Curriculum Standard (Shanghai Education Press, 
2004). The content of equivalent fractions in the SEP textbook series and their 
corresponding curriculum standards were selected. The reasons for the selection of 
Shanghai textbooks rather than other Chinese textbooks are as follows. First, Shanghai is 
the only city on the Chinese mainland that has participated in international assessments 
several times in the past (e.g., PISA, 2009, 2012, 2015). Second, Shanghai students use 
only one set of mathematics textbooks that Shanghai Education Press published. Third, 
the school minister of the UK, Nick Gibb, announced that training would be provided for 







8,000 English primary schools--half the country’s total--to switch to the Shanghai 
“mastery’ approach. Meanwhile, Shanghai textbooks have been imported into the UK. 
According to the statement of the School Minister of the UK, this teaching style would 
become standard in the UK, with the purpose of preventing British youngsters from 
falling behind their Asian counterparts. Thus, it is essential to analyze the characteristics 
of the presentation of mathematical content in Shanghai textbooks. 
 Third, Singapore is a unique country with a very small territorial area and 
population. English is the first language and instruction language, but it is compulsory 
for most students to learn Standard Mandarin, Malay, or Tamil--the other official 
languages of Singapore--in school (Best Singapore Guide, 2017). The US, the UK, and 
many other nations have imported the Singaporean mathematics curriculum into the 
elementary stage to improve the quality of their mathematics curricula. Singapore 
education is strongly influenced by the Confucian culture and integrated includes an 
integration of Western educational ideas. Therefore, the Singapore education system 
could be considered a mixed system combining the Confucian culture and Western 
culture. The series of My Pals are Here (2nd Edition) was selected and is one of the 
most commonly used texts in Singapore (Yan, Reys, & Wu, 2010). Furthermore, the 
Singapore elementary mathematics syllabus was selected. Table 2.2 shows detailed 
background information about the differences in educations and textbooks among the 







Table 2.2 Background Information. 
Item California Shanghai Singapore 
Education 
system 
De-centralized Centralized Centralized 
Primary 
education 
Grades 1-5 Grades 1-5 Grades 1-6 
Academic year Around 36 weeks Around 34 weeks Around 36 weeks 
Time allotted to 
mathematics 
(weekly) 
240 minutes  140 minutes (140 
minutes may be 
allocated to different 
subjects, including 
mathematics) 
210 minutes to 390 
minutes (based on 
grade level) 













Price Provided by 
schools 
Bought by parents (The 
majority of parents can 
afford them.) 











curriculum syllabus  
Textbooks 







(Altieri et al., 
2007) 
Mathematics Grade 3B 
and Grade 6A (Shanghai 
Education press) 
(Qiu et al., 2016) 
My Pals are Here 






Total number of 















2.3.2. Code and Analysis 
 According to the framework for coherence, I analyzed the presentation of the 
equivalent fractions in the three series of mathematics textbooks from California, 
Shanghai, and Singapore, then compared the similarities and differences in their 
presentations. To be specific, first, I analyzed the alignment between students’ learning 
objectives and curriculum standards to answer the first question. Next, to answer the 
second question, I drew the structure of all content focusing on the introduction of 
equivalent fractions based on the headings of content in each lesson. Finally, I coded the 
five aspects of examples and practices, then showed the comparative results in examples 
and the practices’ five aspects. During the process of coding, I coded each problem 
separately even if several sub-problems focused on the same skill or concept. For 
example, I coded No. 1-3 in Figure 2.1 as three single problems. 
 
  
Figure 2.1 Samples of mathematical problems. 
 
 To ensure the reliability of the coding for the five aspects of problems, I first 
coded all the problems, and then recoded problems after two months. Finally, I invited a 




coding achieved a 90% agreement between the two coders. The disagreement codes 
were solved after discussion between the coders.  
2.4. Results 
 In this section, I report the findings following the sequence of three research 
questions parallel to the three coherence levels in the conceptual framework for textbook 
coherence. I also use a 3-by-3 manner to show the findings in terms of the coherence of 
equivalent fractions in the three series of textbooks: California, Shanghai, and Singapore. 
In each subsection, I show the findings about California, Shanghai, and Singapore 
textbooks, separately.  
2.4.1. The Logical Coherence of Equivalent Fractions 
2.4.1.1. Coherence Between Content and Curriculum Standards 
 The California Common Core Standard (CCCS) states that the content of 
equivalent fractions should be taught in grades 3 and 4 (see Table 2.3). CCCS 
emphasizes the use of visual fraction models (e.g., number line model and area model) to 
generate equivalent fractions and explain the Equivalent Fractions Rule. For example, 
CCCS states, “Recognize and generate simple equivalent fractions. Explain why the 
fractions are equivalent (e.g., by using a visual fraction model).” 
 Shanghai curriculum standards do not provide any detailed requirements for 
equivalent fractions. They summarize the key points based on several grade levels rather 
than on each grade. For example, regarding the requirements of four operations of 
fractions, the standard states that students must master the addition and subtraction of 




preliminary understanding of transformation thinking. Therefore, I checked the teacher 
manual
3
 and found learning objectives for equivalent fractions. Shanghai textbooks state 
that fourth-graders must understand equivalent fractions in terms of observing pictures 
while sixth-graders must know the mathematical derivation of the Equivalent Fraction 
Rule (EFR). For example, “preliminary know equivalent fractions by observing pictures” 
in grade 4; “Understand the principle by understanding the relationship between 
fractions and division and the principle of division [a ÷ b= (a × k) ÷ (b × k) = (a ÷ n) ÷ (b 
÷ n), (b ≠ 0, k ≠ 0, n ≠ 0)].” Shanghai textbooks also highlight the application of EFR in 
solving real-world problems in sixth grade (see Table 2.3).  
 However, the Singapore curriculum syllabus states that students should identify 
and convert equivalent fractions. To be specific, students must generate the first eight 
equivalent fractions when giving a fraction, fill out some denominators or numerators 
(e.g., 2/3= ( )/9), and simplify fractions. The Singapore curriculum syllabus emphasizes 
the application of EFR in different formats to generate equivalent fractions. The three 
series of textbooks each use different learning requirements, but all have two emphases:  
the understanding and the application of equivalent fractions. 
 
                                                 
3
 For Chinese mathematics teachers, the teacher manuals are their most important teaching materials. The 
editors of the textbooks designed the textbooks based on the curriculum standard. Few teachers check the 
content requirements in the curriculum standard when they teach. The teacher manuals can help them 
understand the structure of textbooks and the design ideas of those textbooks. All teachers will design their 
instruction based on the materials in the teacher manuals. For example, the teaching objectives in the 
teacher manuals are used to guide teachers in designing key ideas in a lesson. In addition, all mathematics 
teachers used the same textbooks and must teach all the content in the textbooks based on the teacher 
manuals. From this perspective, teacher manuals can be used instead of curriculum standards to guide 





Table 2.3 The Requirements of Curriculum Standards on Equivalent Fractions. 








Understand two fractions as equivalent (equal) if they are 
the same size or on the same point on a number line 
Ca   Y
*
 
Recognize and generate simple equivalent fractions. 
Explain why the fractions are equivalent (e.g., by using a 
visual fraction model) 
Ca   Y 
Express whole numbers as fractions and recognize fractions 
that are equivalent to whole numbers (Locate 4/4 at the 
same point of a number line) 
Ca   N 
Explain why a fraction a/b is equivalent to a fraction ((n × 
a)/(n × b)) by using visual fraction models.  
 Ca  Y
**
 









Preliminarily know equivalent fractions by observing 
pictures 
 Sh  
 
Further know equivalent fractions 
 Sh  Y 
Understand EFR by understanding the relationship between 
fractions and division and the principle of division 
  Sh Y 
Express a fraction in its simplest form using the principle 
  Sh Y 
Understand the concept of a fraction in its simplest form   Sh Y 
Use EFR to solve sample word problems 









Recognize and name equivalent fractions Si   Y 
List the first eight equivalent fractions of a given fraction 
Si   Y 
Write the equivalent fraction of a fraction given the 
denominator or the numerator 
Si   Y 
Express a fraction in its simplest form 
Si   Y 
 
Note. G = Grade; Ca = California; Si = Singapore; Sh = Shanghai, Y = Yes; N = No. *California textbooks 
do not use number line model. There are no opportunities for students to understand two equivalent 
fractions by identifying the same point on a number line. **California textbooks do not show the abstract 









2.4.1.2. Logical Sequence in the Table of Contents 
 To examine the logical sequence, I listed the table of contents in the chapter 
containing equivalent fractions (see Table 2.4). Following the different curriculum 
standards, the equivalent fractions content was arranged in the corresponding grade 
levels. Finally, I compared the table of contents and the statements of equivalent 
fractions from curriculum standards.   
 California textbooks separately introduce equivalent fractions in grades 3 and 4. 
In addition, two special sections of “Explore” and “Game Time” are included for grades 
3 and 4. The content of equivalent fractions cover a total of 16 pages (0.9%, N = 679
4
, in 
grade 3; 1.5%, N = 681, in grade 4, 2.3% total). In grade 3, the content of equivalent 
fractions is introduced before the topic of the comparison of fractions. Therefore, the 
third-grade textbook might expect students to understand equivalent fractions based on 
the understanding of fractions as a part-whole relationship. The textbook in grade 4 has a 
similar topic sequence to that in grade 3. Therefore, according to only the table of 
contents, the differences between the two grades are not apparent. The content of 
equivalent fractions in grade 3 and 4 seem to be repetitive to some degree (see the arrow 
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Table 2.4 The Content Structure of a Chapter on Fractions Including Equivalent 
Fractions in Each Textbook.  








Chapter 12 Fractions (6 pages) 
1. Parts of a whole 
2. Problem-Solving-Investigation:   Choose 
a strategy 
   Explore: Math Activity: Equivalent 
fractions 
3. Find equivalent fractions 
   Game Time: Fraction concentration 
4. Problem-Solving-Strategy: Draw a 
picture 
5. Compare fractions 




6. Add like fractions 
    Problem-Solving in Science: The buzz on  
insects 
    Explore: Math Activity: Subtract like 
fractions 
7. Subtract like fractions 
Chapter 13 Fractions (10 pages) 
1. Parts of a whole 
2. Parts of a set 
3. Problem-Solving Strategy: Draw a 
picture 
    Explore: Math Activity: Equivalent 
fractions 
4. Equivalent fractions 
5. Simplest form 
    Game Time: Fractions made simple 
6. Problem-Solving Investigation: Choose a 
strategy 
7. Compare and order fractions 
     Problem Solving in Science: No bones 
about it 
8. Add and subtract fractions 
9. Mixed numbers 









 Fractions (1 page) 
1. Compare fractions 
   (1) Compare like fractions 
   (2) Compare fractions with the same 
numerator 
   (3) Equivalent fractions* 
2. Add and subtract fractions 
3. Explore: “Fraction wall” 
  (1) Compare two fractions 
  (2) Add and subtract like fractions 
  (3) Equivalent fractions* 
Chapter 2 Fractions  (8 pages) 
1. Fractions and division 
2. Equivalent Fractions Rules 
3. Comparing fractions 
4. Addition and subtraction of fractions 
5. Multiplication of fractions 
6. Division of fractions 
7. Conversion between fractions and 
decimals 
8. Four operations including fractions and    
decimals 









Grade 3  
Chapter 14 Fractions (6 pages) 
1.Numerator and denominator 
2. Understanding equivalent fractions 
3. More equivalent fractions: Short cut 
4. Comparing fractions 
5. Adding fractions 





 “Like fractions” refers to the fractions with the same denominator. The content of equivalent 





 The content of equivalent fractions in Shanghai textbooks is divided mainly into 
two sections: two pages (two extended lessons) in grade 4 and eight pages (three lessons 
in one unit) in grade 6 (4.0%, N = 120 + 130 = 250). The content in grade 4 emphasizes 
that “equal” is one of the categories about the comparison of fractions, while the content 
in grade 6 emphasizes EFR, that is, equivalent fractions are the results of the application 
of the EFR. The derivation of EFR must use the relationship between fractions and 
division. Therefore, the prior knowledge of learning Equivalent Fraction Rule is 
Fractions and Division. The detailed information is shown in Table 2.4. Combined with 
the requirements of “sixth graders must know the mathematical derivation of the rule of 
equivalent fractions” (see Table 2.3), Shanghai textbooks put more emphasis on logical 
coherence in mathematics.   
 However, Singapore textbooks have only two units that occupied six pages in 
grade 3 (1.9 %, N = 174+136 = 310). Based on the table of contents, the content of 
equivalent fractions is included only in grade 3. The concept of equivalent fractions is 
introduced after the concepts of numerator and denominator. EFR appears in the title of 
More Equivalent Fractions: Short Cut. Therefore, I can infer that equivalent fractions 
are regarded as one of a basic concept in Singapore textbooks. The sequence of topics 
for equivalent fractions is similar to those in California textbooks. After learning 
equivalent fractions, students learn to compare, add, and subtract fractions in grade 3. 
Therefore, Singapore textbooks comprehensively introduce equivalent fractions in grade 
3, while California and Shanghai textbooks distribute the content of equivalent fractions 






Figure 2.2 The sequence of equivalent fractions in the three series of textbooks. 
 
Note. The elliptical rings show the titles of the lessons while the rectangles show the headings of the 
sections in those lessons.  
 
2.4.2. The Coherence of Lesson Structure 
 Based on the content of equivalent fractions, I placed the complete lesson 
structures in a map as seen in Figure 2.2. The elliptical circles represent the titles of the 
lessons while the rectangles show the headings of the sections in each lesson. For 
example, the content of equivalent fractions in California textbooks of grade 3B includes 
two lessons: Math Activity and Find Equivalent Fractions. The lesson of Math Activity 




and Check What You Know (see Figure 2.2 in detail). I will introduce the lesson 
structures of equivalent fractions in California, Shanghai, and Singapore textbooks as 
follows.  
2.4.2.1. California Textbooks 
 Before and after introducing new content, a special activity and game were 
arranged respectively. The unit of equivalent fractions in California textbooks includes 
two lessons in grade 3: Math Activity and Find Equivalent Fractions. The structure of 
Math Activity consists of Activity, Think About It, and Check What You Know. Generally, 
the structure of Math Activity is similar to the structure of a formal lesson. The activity in 
Math Activity is similar to the example in the lesson of Find Equivalent Fractions. The 
activity is to use length models to generate two equivalent fractions equal to 1/2 by 
partitioning rectangles in three ways. Think About It includes several problems that help 
students understand the relationship between the unit fractions of two equivalent 
fractions. Check What You Know includes a set of practice exercises that focus on using 
fraction models to find equivalent fractions. Math Activity paves the way for students to 
learn the lesson of Equivalent Fractions from the perspective of drawing fraction models 
(e.g., length models and area models).   
 The second lesson of Find Equivalent Fractions consists of Get Ready to Learn, 
Example, Check What You Know, Practice and Problem Solving, and Game Time (see 
Figure 2.3). Get Ready to Learn shows a real-world problem. Then the definition of 
equivalent fractions was described without any explanation. Example shows a solution to 




What You Know shows several practices that are very similar to the example. Practice 
and Problem Solving includes various kinds of problems. To be specific, the first half of 
the problems is similar to the exercises from Check What You Know. The second half of 
the problems called H.O.T. Problem includes open-ended problems. Finally, Game Time 
describes a game focused on newly learned content.  
 
 
Figure 2.3 The content of equivalent fractions adapted from California 
mathematics grade 3 (Altieri et al. 2007, pp. 516-518). 
 
 The content on equivalent fractions includes three lessons in grade 4: Math 




similar to that of the Math Activity while the structures of two other lessons are the same 
as that of the second lesson of Find Equivalent Fractions in grade 3. The only difference 
between the two first lessons in different grades is that the first lesson in grade 4 added 
an example of using number line models to identify two equivalent fractions. The 
differences between the second two lessons are that grade 3 emphasized using fraction 
models to find and identify equivalent fractions while grade 4 emphasized using the 
methods of multiplication and division to find equivalent fractions. However, grade 4 
does not show the rule of equivalent fractions. As Figure 2.4 shows, the example gives 
the solutions directly rather than provide an opportunity for students to explore the 
method of “multiplication and division.” (see Altieri et al. 2007, California mathematics 
G4, p. 518)  
 
 
Figure 2.4 The content adapted from California Mathematics grade 4 (Altieri et al. 
2007, p. 518). 
 
 The third lesson of Simplest Form has the same lesson structure as Find 
Equivalent fraction in grade 3. The practice problems focused on the application of the 




fractions in a numerical expression, word problems, and open-ended problems. 
Generally, grade 3 focused on using fraction models to find equivalent fractions and 
emphasized understanding modeling equivalent fractions. Grade 4 focused on using the 
property of fractions to find and identify equivalent fractions.  
2.4.2.2. Shanghai Textbooks 
 Shanghai textbooks introduce intense knowledge of equivalent fractions in grade 
6A. However, two extended lessons in grade 4B are the main introduction to the method 
of using fraction models to explain that fractions are equal. One lesson focuses on area 
models and length models, while the other introduces the application of the fraction 
wall/strips in finding equivalent fractions. Therefore, in grade 4, Shanghai textbooks 
expect that students know that several fractions are equal by drawing fraction models.  
 In grade 6, three lessons are involved in the unit on the Equivalent Fraction Rule. 
The first lesson introduces and derives EFR, which includes five sections: Observation, 
Thinking, Generalization, Example, and Exercise (see Figure 2.5). The Observation 
section is used to guide students in observing the pattern of the equivalent fractions of 
3/4 based on area models and shows the pattern of multiplying and dividing the 
numerator and denominator by a whole number. Thinking consists of two exercises 
corresponding to the observation section. One exercise involves labeling the equivalent 
fractions of 1/2 based on four shaded-area pictures. The other exercise requires that 
students use the pattern to fill out a number. Generalization shows an abstract format of 
the property of fractions: , 0, 0, 0
a a k a n
b k n
b b k b n
 
    
 
. Examples includes two 





Figure 2.5 The content of equivalent fractions adapted from Shanghai textbook 
grade 6A (Qiu et al. 2014, pp. 31-32). 
 
 The second lesson consists of three sections: Thinking, Example, and Exercise. 
Thinking introduces the concept of simplest form by solving a problem on finding 
equivalent fractions: A fraction is in its simplest form when its numerator and 
denominator have no common factor other than 1. Example shows two examples: One is 




measurement. Exercise includes a set of problems about simplifying fractions and word 
problems. The third lesson is to extend the application of equivalent fractions to real-
world problems with tables. It includes two sections: Examples and Exercises. Two 
worked-out examples with tables are shown. Exercises include two real-world problems 
with tables and one open-ended problem without tables.  
 
 
Figure 2.6 The content of equivalent fractions adapted from Singapore textbooks 





2.4.2.3. Singapore Textbooks 
 Singapore textbooks introduce equivalent fractions in grade3B and use only two 
lessons to introduce all content on equivalent fractions. The structure of the lessons in 
Singapore textbooks is completely different from that of California textbooks. The first 
lesson of Understanding Equivalent Fractions includes five problems (see Figure 2.6). 
The second lesson of More Equivalent Fractions: Short Cut includes six problems. The 
textbooks seem to expect students to learn the concept of equivalent fractions and the 
property of equivalent fractions in solving problems.  
 Based on Figure 2.2, the content of equivalent fractions in California textbooks 
was repeated to some degree. Singapore did not show any indications of repetition in the 
table of contents. Shanghai textbooks bridge the content of equivalent fractions in grade 
4 and grade 6 by identifying equivalent fractions based on area models (see Figure 2.2). 
Also, the sequence of equivalent fractions in Shanghai textbooks briefly shows the 
sequence of all related fraction content from the concept of fractions to four operations 
to application in word problems.  
2.4.3. The Coherence of Example-Practice Problems 
 The ratio of the number of examples to practice problems in California textbooks 
is very low (.006) compared to Shanghai textbooks (.180) and Singapore textbooks 
(.185). This means California textbooks have many more exercises than worked-out 
examples. California textbooks include only seven examples and 117 practice problems, 
while Shanghai textbooks have nine examples and 50 practice problems and Singapore 




information). Table 5 shows the percentage of each subcategory for five aspects of 
example and practice problems in the three series of textbooks. For example, in the 
aspect of representation, (86, 65) means that the percentages of the third categories of 
example problems’ and practice problems’ representation (abstract representation) in 
California textbooks are 86% and 65%, separately. This means that the statements of 65% 
of practice problems use abstract representation like written language or purely 
mathematical context (see Table 2.1 for more information about the categories of each 
aspect). I analyzed the coherence characteristics of mathematical problems based on five 
aspects: problem representations, response types, computation, connections, and 
cognitive requirements and used radar maps to show the results as follows.  
 




Example & Practice (%, %) 
California  
Nex = 7, Npr = 117 
Shanghai  
Nex = 9, Npr = 50 
Singapore  
Nex = 5, Npr = 27 
C 1st 2nd 3rd 1st 2nd 3rd 1st 2nd 3rd 
Pre (14,16) (0,19) (86,65) (33,14) (22, 6) (45,80) (20,15) (60,26) (20,59) 
Res (71,63) (29,25) (0,12) (22,36) (33,58) (45, 6) (40, 94) (40, 0) (20, 4) 
Com (57,35) (43,59) (0,6) (11,8) (67,82) (22,10) (40,41) (60,59) (0, 0) 
Con (86,80) (14,20) (0,0) (56,84) (33,16) (11, 0) (100,100) (0, 0) (0, 0) 
Cog (29,74) (71,24) (0,3) (22,78) (45,18) (33, 4) (20, 96) (80, 4) (0, 0) 
 
Note. A = Aspect; C = Categories; Nex = Number of examples, Npr = Number of practices; Pre = 
Representation; Res = Response; Com = Computation; Con= Connection; Cog = Cognition.  
 
2.4.3.1. The Coherent Characteristics of Examples and Practices  
 As Figure 2.7 shows, in California textbooks, the five aspects of examples and 




have bigger values of cognition and representation aspects and have smaller values of 
response and computation aspects. However, as shown in Figure 2.8, the levels of 
problems in grade 4 are higher than those of problems in grade 3 except for the aspect of 
representation. This means that the coherence of problems in grades 3 and 4 is strong. 
Shanghai and Singapore textbooks have a similar pattern. To be specific, compared to 
the five aspects of practices in Shanghai and Singapore textbooks, the other four aspects 
of examples have bigger values, except for the representations aspect. 
 
 
Figure 2.7 The comparison between examples and practices problems in the three 






Figure 2.8 The comparison of problems on equivalent fractions between grade 3 
and grade 4 textbooks.  
 
2.4.3.2. The Coherence of Examples and Practice Across Regions  
 Compared to California and Singapore textbooks, the values of all aspects on 
examples in Shanghai textbooks are larger except for representation. Shanghai textbooks 
tend to use concrete and pictorial representations to show problems. All worked-out 
examples in California textbooks used similar written mathematical language to show all 
problems except for one real-world problem. The values of all aspects on examples in 
Singapore textbooks are the middle of those in Shanghai and California textbooks (see 
Figure 2.9a).  
 On the other hand, the values of the five aspects of practices in Singapore 
textbooks are relatively lower, especially in the aspects of response, computation, and 
cognition. Compared to California textbooks, I found that Shanghai textbooks have high 




practices in Shanghai textbooks have relatively higher values in all five aspects. This 
suggests that the problems in Shanghai textbooks are the most difficult (see Figure 2.9b). 
 
 
                          a. Examples                                                     b. Practices 
Figure 2.9 The comparison of examples/practices in the three series of textbooks.  
 
2.5. Discussion 
 This study examined the characteristics of equivalent fractions in California, 
Shanghai, and Singapore mathematics textbooks based on three coherent aspects: logical 
coherence, lesson structures, and the coherence of examples and practices.  
2.5.1. The Coherence of Logical Sequences of Equivalent Fractions 
 In the three different curriculum requirements for equivalent fractions, students 
are required to recognize and generate equivalent fractions and simplify fractions. 
However, the emphases on the understanding and application of EFR are a slightly 
different. The California Common Core Standard highlights using all kinds of models to 




concerned, the California Common Core Standard requires the use of visual different 







a n a a n




. Perhaps it 
is relatively easier to explain the method of multiplication than the method of division 
using fraction models.  
 Shanghai teaching requirements on equivalent fractions focus on understanding 
EFR based on fractions as division and the operational principle of division 
( ( ) ( ) ( ) ( ), 0, 0, 0a b a k b k a n b n b k n            ). This suggests that the 
Shanghai curriculum underlines the conceptual understanding of equivalent fractions 
from the perspective of mathematical content’ coherence and assumes that students are 
familiar with the operational principle of division. To be specific, students have learned 
the principle of division: ( ) ( ) ( ) ( ), 0, 0, 0a b a k b k a n b n b k n            , in 
Shanghai textbooks. In addition, students learn fractions as division, a/b = a ÷ b, before 
they learn equivalent fractions (see Table 4). Based on the prior knowledge of the 
operational property of division and fractions as division, students can derive the 
property of fractions. Additionally, besides highlighting the understanding of concepts, 
Shanghai textbooks emphasize the application of equivalent fractions to solve word 
problems.  
 In the Singapore curriculum syllabus, the content requirements of equivalent 
fractions emphasize the application of equivalent fractions rather than understanding. 




except understanding. Thus, based on these words, the Singapore syllabus emphasized 
the application of equivalent fractions.  
 Generally, a mathematics curriculum standard is a region or national guiding 
document that has significant effects on the coherent presentation of the content in 
mathematics textbooks. It states that students must achieve the level of the requirements 
after learning the content. The presentation of mathematical content includes the 
sequence of topics, the structure of lessons, and the mathematical problems (examples 
and practices). Each textbook can have its own organization of content on the condition 
that it meets the requirements in the curriculum standards. For example, NCTM (2000) 
mentioned that by using parallel number lines, each showing a unit fraction and its 
multiples, students can see fractions as numbers, note their relationship to 1, and see 
relationships among fractions, including equivalence (p. 150). The number line model is 
essential for teachers to teach fractions (Carmer et al., 2002). In terms of textbooks, 
Singapore textbooks do not use number lines to find equivalent fractions. Shanghai 
textbooks use the fractions wall (early number line model), while California textbooks 
use the number line to find equivalent fractions.  
 Therefore, the content requirements from curriculum standards determine the 
range and depth of content in each grade. The California CCCS emphasizes logical 
coherence in concrete fraction models, while the Shanghai curriculum emphasize logical 
coherence in abstract mathematical knowledge. The Singapore syllabus emphasizes 





2.5.2. The Coherence of Lesson Structures  
2.5.2.1. The Evaluation from Particular to Deep Structures 
 In California textbooks, the structure of equivalent fractions’ lessons has a 
pattern: presentation of concepts, examples, and practices. However, there are two types 
of lessons on equivalent fractions. First is an exploration lesson (Math Activity) before 
the students learn equivalent fractions. The lessons in California textbooks use three 
fraction models (area models, length models, and number line) in the two lessons of 
Math Activity and emphasize that students must draw pictures to find equivalent 
fractions. Second, the two lessons of equivalent fractions include the presentation of 
concepts, examples, and practice. They directly show the concepts and EFR. Generally, 
in California textbooks, the two lessons in grade 3 emphasized the use of fraction models 
to find equivalent fractions. The lessons in grade 4 focused on the application of 
multiplication and division to find equivalent fractions. Perhaps this sequence of topics 
is related to the grade levels because third- and fourth-graders are not able to 
comprehend the abstract EFR. 
 In Shanghai textbooks, two lessons on equivalent fractions in grade 4 are under 
the heading of fractions comparison. As this stage, fraction models are employed to 
teach about fractions. Next, fraction models are used to teach about equivalent fractions. 
The content of equivalent fractions in grade 4 is extended. From the perspective of 
coherence, this stage is to preliminarily learn equivalent fractions based on fraction 
models. In grade 6, the learning of equivalent fractions focuses on mathematical 




conjecture, checking, proving, and applying. More specifically, the first lesson shows an 
open-ended problem and guides students in finding the patterns of the numerators and 
denominators of equivalent fractions. Then the lesson presents two exercises to check 
the pattern. However, the pattern is a conjecture that must be justified. Next, the lesson 
shows that the abstract of the principle of equivalent fractions can be derived based on 
fractions as division and the principle of fractions. Following the first lesson, the second 
lesson applies the property of fractions in solving a problem. In solving the problem, a 
newly posed question pushes students into a situation in which they must produce a new 
concept of simplest form. Then two examples and several practices follow. The third 
lesson is on the application of equivalent fractions to two real-world problems. The three 
lessons in grade 6 of equivalent fractions are introduction, application, and problem-
solving. The first lesson introduces of the basic property of fractions. The second lesson 
introduces the concept of simplest form based on the application of the basic property of 
fractions. The third lesson emphasizes real-world problem-solving. The three lessons 
consist of a whole unit on equivalent fractions. Therefore, Shanghai textbooks show a 
tracking that evolves from particulars (find the method of multiplication and division) to 
deep structures (derivation of the property of fractions) and tend to emphasize that 
mathematics is logical and deductive rather than inductive.  
 In Singapore textbooks, the structure of the single lesson is not very clear. 
Singapore textbooks introduce a concept by solving problems. Then they present 
exercises. The examples and practices are shown alternatively. There are no clear and 




provide the ways of multiplying and dividing to find equivalent fractions rather than 
provide opportunities for students to explore the principle of equivalent fractions. 
However, the lesson structure of the whole unit on equivalent fractions is clear and 
obvious. The first lesson is to find equivalent fractions based on fraction models (e.g., 
drawing pictures). The second lesson is to find a shortcut for using multiplication and 
division to generate equivalent fractions. It also arranges the topic of simplest form into 
this lesson, as simplifying fractions is possibly the application of EFR (the means of 
dividing to find equivalent fractions). 
 Generally, the Shanghai lessons’ structures follow the strategy of concrete fading 
in the introduction of equivalent fractions and emphasize upward spiral learning. That is, 
each lesson is developed based on the prior lesson. Shanghai textbooks show a clear, 
coherent lesson structure that includes an introduction, examples, and practices and that 
emphasizes the understanding of concepts from mathematical content development. 
California textbooks have little repetition between using fractions models and applying 
EFR. Singapore textbooks emphasize the problem solving rather than the understanding 
of the concept of equivalent fractions and EFR. 
2.5.2.2. Using deep structure to make connections 
 In California textbooks, fraction models, as a method, are used to find equivalent 
fractions in grade 3, while multiplication-division, as another method, is applied to 
generate equivalent fractions. However, California textbooks do not provide 
opportunities for students to explore the relationship between these two methods. Most 




property of equivalent fractions: 
4 2 8
8 2 16
  and 
4 2 2
8 2 4
  , although the expressions are 
correct. The expression implies that 
4 2 4 2





4 2 4 2




. The principle of 
equivalent fractions is that the value of a/b is the same when both a and b multiply or 
divide a non-zero whole number. The two expressions are used to inappropriately 
multiply/divide the numerator and the denominator by the same non-zero whole number. 
Fourth-graders did not learn how to multiply a fraction by a fraction and how to divide a 
fraction by a fraction at the same time they learned equivalent fractions. This might lead 
students to mistakenly multiply a fraction by a whole number to generate an equivalent 




  .  
 However, Shanghai textbooks use fraction models to teach students how to find 
equivalent fractions as a means of teaching EFR. This is different from other methods 
that emphasize using models to find equivalent fractions. Shanghai textbooks emphasize 
using the property of fractions to find equivalent fractions. This is consistent with the 
nature of Chinese textbooks that emphasize a spiral understanding of mathematical 
knowledge. Students should use prior mathematical knowledge to learn new 
mathematical knowledge. For example, when fractions as divisions were introduced, 
EFR could be derived based on fractions as division and the principle of division. That is, 
EFR should be derived strictly from prior knowledge rather than shown directly without 
explanation. When students find the pattern of the numerators and denominators of 




Shanghai textbooks try to emphasize the reasoning of mathematical knowledge to help 
students understand the property of equivalent fractions. 
 Similarly, in Singapore textbooks, the length model is a tool used to show the 
relationship between numerators/denominators from some equivalent fractions (e.g., 2/3 
= 4/6 = 6/9 = 8/12). The purpose is to find the pattern in the numerators and 
denominators of equivalent fractions. Singapore textbooks provide this method only to 
find equivalent fractions rather than to provide opportunities to prove this property. In 
other words, Singapore textbooks employ inductive reasoning (particulars) to find the 
pattern of several equivalent fractions. Therefore, I can conclude that Singapore 
textbooks do not make a connection to other mathematical knowledge.     
 In summary, first, the concept and basic property of equivalent fractions and the 
concept of simplest form in California textbooks are presented directly rather than 
explored. Shanghai and Singapore textbooks use worked-out examples to explore the 
concept and property of equivalent fractions by solving problems. In terms of the 
differences between Shanghai and Singapore textbooks with respect to the presentation 
of the concepts, Shanghai presents the property of fractions by using rigorous 
mathematical language rather than the descriptive language that Singapore textbooks use. 
Furthermore, only Shanghai textbooks emphasized that the multiplier in the principle of 
equivalent fractions is not zero: the two other textbooks do not provide a mathematical 
abstract statement of the principle of equivalent fractions. For the content of the simplest 
form, California and Shanghai textbooks used a lesson to introduce the concept and 




simplest form only by the way of solving a work-out example at the end of the lesson of 
More Equivalent Fractions: Short Cut. 
 In addition, California textbooks have two special sections: Math Activity and 
Game Time. The Math Activity is used before the lesson on equivalent fractions. Game 
Time is arranged after the exercise section. Singapore textbooks arranged the activities in 
the teaching. However, the Shanghai textbook did not include a section of activity and 
named several sections such as Observation, Thinking, and Generalization that focus on 
mathematical thinking.    
2.5.3. The Comparison of Example-Practice Problems in the Three Series of 
Textbooks 
 First, the percentages of problems on equivalent fractions in the three textbooks 
are different. The content percentage of equivalent fractions in California textbooks is 
low in the three series of textbooks. The percentage of equivalent fractions in Shanghai 
textbooks is highest. Repetitions of equivalent fractions in California textbooks also 
provide evidence of consistent criticism of repetitive content in US mathematics 
textbooks (Alajmi, 2012; Schmidt et al., 2002; Schmidt et al., 2005). 
 Furthermore, the purposes of worked-out examples in the three series of 
textbooks are different. When the introduction sections do not explain the concept of 
equivalent fractions in California textbooks, the examples play two roles: One is to 
explain equivalent fractions and another is to show how to find equivalent fractions. 
When the introduction uses examples to explain the concept of simplest form, the 




introduction examples in Shanghai textbooks focus on the explanation and exploration of 
EFR. The examples are to practice the application of EFR. The practices and examples 
use different varieties to deepen the understanding of the concepts and EFR, such as one 
problem with multiple sub-goals and one problem with multiple solutions. Singapore 
textbooks do not include any formal examples. All examples are to introduce the ways 
by which to find equivalent fractions. All practices without extension completely 
practice the methods shown in the examples. 
 Finally, the presentations of problems in terms of the five aspects are different. 
First, abstract representations of problems are the predominant type of presentation in 
the three series. After learning the concepts and principles of equivalent fractions, the 
procedural practices are the main problem format. Second, California textbooks have 
different percentages of response types, though the numerical answer accounts for the 
majority of response types, while the type of numerical expression of problems occupies 
over half in Shanghai textbooks. The problems in Singapore textbooks have 
predominantly numerical-answer response types. Therefore, Shanghai textbooks 
emphasize operation.  Third, all three series of textbooks emphasize computation, 
especially Shanghai textbooks. California and Singapore have similar distributions of 
computation. Fourth, for the problems’ connections, California textbooks present various 
types of problems that connect to other mathematical knowledge. The problems in 
Singapore textbooks are only in the field of just learned content that the examples show. 




knowledge. Finally, the cognitive levels of practice problems in the three series of 
textbooks are mainly at the first level. 
2.6. Implications and Conclusions 
 Textbook coherence is a complicated issue and no completed evaluation system 
exists for researchers to evaluate textbook coherence. Although Schmidt, Wang, and 
McKnight (2005) studied curriculum coherence, the study focused only on the macro 
level, including the sequences of mathematical topics, rather than the micro level, such 
as the structure of lessons and the nature of problems. Therefore, this study seeks to 
explore textbook coherence from both the macro and micro levels by building up three 
aspects: logical sequence, lesson structure, and example-practice problems.  
 The purpose of cross-cultural comparison is to reflect on one’s practices and to 
learn from others (Ding, 2014; Shimizu & Kaur, 2013). In this study, the findings based 
on California, Shanghai, and Singapore textbooks contribute insights to improve 
curriculum coherence in terms of logical sequence, lesson structures, and example-
practice problems. Shanghai textbooks’ stressing the underlying structural relations and 
mathematical logical coherence is consistent with prior findings about Chinese textbook 
presentations of mathematical content (e.g., Ding & Li, 2010, 2014). These aspects of 
developing curriculum coherence may be learned by textbook designers in the United 
States and other countries. Likewise, U.S. textbooks’ unique real problems and emphasis 
on modeling to understand mathematical concepts (e.g., area models, length models, and 
number lines) may be learned by Chinese and Singapore textbook designers and others. 




representations (activities), pictorial representations to abstract representations also 
contributes to students’ learning of problem-solving. 
 Indeed, findings about Singapore textbooks’ preference in solving problems are 
consistent with the conclusion in Fan and Zhu (2007) that Singapore textbooks seemed 
to stress more problem-solving. Although all three series of textbooks have employed 
the representation of translation in learning mathematical knowledge, they have various 
emphases. Given that examples with greater variability in five aspects can better 
facilitate the connection to knowledge and the translation of problems among different 
formats, representations, or cognitive requirements, they may promote students’ 
effective learning and help teachers build a more coherent system of knowledge.  
 The findings together raise important questions about not only how to design 
coherent textbooks but also how to use them successfully in classrooms to support 
coherent instruction and learning. Findings about Shanghai textbooks in this study 
appear to parallel prior findings on Chinese teachers’ knowledge structures and 
classroom teaching (e.g., Ding et al., 2013; Zhou, Peverly, & Xin, 2006). As such, future 
studies may include more mathematical content, across more regions and explore 
detailed connections between coherent textbooks, coherent instruction, and student 
learning. 
 However, this study has two limitations. First, I focused only on the topic of 
equivalent fractions in three series of textbooks from three regions. Therefore, the 
conclusion cannot be easily generalized. Future studies may examine more topics and 




only through the perspective of textbook coherence. Various perspectives could result in 
completely different findings. Therefore, I must emphasize that the purpose of this study 
is to provide a perspective from which teachers, mathematics educators, and textbook 
editors can learn from the coherence characteristics of textbooks rather than to evaluate 
the quality of the textbooks.  
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3. OPPORTUNITIES TO DEVELOP COGNITIVE SKILLS: PROBLEMS’ 




 School textbooks serve as critical vehicles for knowledge acquisition in school 
and are capable of replacing teacher instruction as the primary source of information in 
the upper grades (e.g., Drake, Land, & Tyminski, 2014; Garner, 1992). Concerns about 
the role of textbooks in mathematics teaching and learning have grown in the 
international mathematics education community, especially with the publication of 
analysis results about curricula and students’ achievements from the International 
Mathematics and Science Study (TIMSS) (e.g., Schmidt & Houang, 2012; Schmidt, 
Wang, & McKnight, 2005). Many studies have claimed that textbooks were one of the 
key factors contributing to cross-national differences in students’ mathematical 
achievement (e.g., Li, 2000; Tornroos, 2005; Schmidt, Wang, & McKnight, 2005; Xin, 
2007; Zhu & Fan, 2006). To search for the possible reasons behind the differences in 
performance on international tests, researchers have examined the characteristics of 
textbooks based on the assumption that textbooks played an important role in the process 
of teaching and learning (e.g., Tornroos, 2005; Xin, 2007; Zhu & Fan, 2006).  
 Mathematical problems are important components of school mathematics 
textbooks. The issue of how problems and problem-solving are treated in school 




Zhu, 2007). Much attention has been paid to the representation of problem types (e.g., 
Ding & Li, 2014), the procedure of problem solving (e.g., Kolovou, Van den Heuvel-
Panhuizen, & Bakker, 2009), and the presentation of problems (e.g., Li, 2000, Van den 
Heuvel-Panhuizen, 2005). These studies have revealed the characteristics of problem 
presentation by comparing textbooks from different educational systems. These 
characteristics include the contexts of problems, cognitive requirements of problems, 
problem information, and response requirements of problems provided. These 
characteristics provide more perspectives through which students can understand the 
nature of problems (e.g., Wijaya, van den Heuvel-Panhuizen, & Doorman, 2015).  
 Furthermore, in the studies of textbook analysis, many focused on the variation 
of problems in textbooks. As Zhang, Wang, Huang, and Kimmins (2017) claimed, in the 
past two decades Chinese editors of mathematics textbooks have emphasized the use of 
the variation of problems in textbooks and the way to employ the variation of problems 
in textbooks is a popular topic. Sun (2011) discussed the roles of the variation of 
example problems in mathematics textbooks by analyzing “one problem multiple 
solutions (varying solutions),” “one problem multiple changes (varying conditions and 
conclusion),” and “multiple problems one solution (varying presentations)” (p. 67).  Sun 
(2011) also reviewed the feature of Chinese variation-practice pedagogy and employed 
this feature to analyze the variation of examples of fractions in the Chinese and US 
mathematics textbooks. Additionally, Zhang et al. (2017) analyzed the functions of the 
use of the variation of problems in a Chinese popular mathematics textbook series. The 




To be specific, the use of the variation of problems is intended to help students 
understand mathematical concepts/principles as well as to help them practice specific 
skills/mathematical thinking. They stated that “the consistent use of the variation of 
problems in textbooks and in classroom instruction provides strong support for students’ 
learning that may provide further explanation of Chinese students’ excellent 
performance of mathematics on international comparative assessment” (p. 237). 
Furthermore, there are various classifications of the variation of problems, such as 
conceptual variation and procedural variation (Gu, Huang, & Gu, 2018); developmental 
variation and multi-faceted variation (Park & Leung, 2004); explicit variation and 
implicit variation (Huang, Mok, & Leung, 2006); and form variation, solution variation, 
and content variation (Xiao, 2000).   
 Few studies, however, have employed the perspective of textbook coherence to 
compare and analyze the variation of problems in textbooks. One reason for this may be 
that, due to the complex variation of mathematical problems, various explanations exist 
for the definitions of variation. This conceptual issue becomes even more complicated 
when one wants to compare education systems. Second, mathematics educators have not 
developed tools for evaluating the variation of problems from the perspective of 
coherence. Therefore, there is both theoretical and practical significance in analyzing the 
variation of problems from textbooks’ content in different education systems from a 
perspective of coherence.  
 In the present study, I selected a series of school mathematics textbooks from 




defined variation as the alteration of problems’ cognitive requirements (hereafter 
referred to as CR). Problems’ CR could be modified by altering one or more aspects: 
response, representation, operation, reasoning, and connection. Then I built a model for 
problems’ CR. To simplify the research range, I selected problems from chapters about 
fractions in the three series of textbooks for two reasons. First, the topic of fractions is 
usually introduced from second grade to sixth grade. Second, this topic is considered as 
one of the most problematic areas for students.  
 This study examines the coherence of variation of fraction problems’ CR in the 
three series of textbooks. By employing quantitative analysis to compare the model for 
problems’ CR between example and practice problems, this study not only could provide 
useful documentation and knowledge of how the fraction problems from the three series 
were shown in a coherent variation of problems in terms of the five aspects (i.e., 
response, representation, operation, reasoning, and connection) but also could provide 
possible ways to improve the coherence of example-practice problems in mathematics 
textbooks.   
3.2. Literature Review and Research Questions 
3.2.1. Analysis of Problems 
 Many studies have focused on the aspects of problems: problem representations, 
responses, connections, operations, reasoning, and cognitive requirements (e.g., Fan & 
Zhu, 2007; Li, 2000; Son & Senk, 2010; Wijaya et al., 2015). For example, Li (2000) 
developed a three-dimensional framework (for mathematical features, contextual 




textbooks. This framework helps analyze the similarities and differences of problems 
that followed the content presentation of the addition and subtraction of integers in 
several American and Chinese mathematics textbooks. The first dimension concerned 
mathematical features, such as whether only a computational procedure is required, or 
whether multiple computational procedures are required. The second dimension 
concerned contextual features, such as whether there was a purely mathematical context 
in numerical or word forms, or an illustrative context with pictorial representations or 
stories. The third dimension of performance requirements involved two aspects. The first 
aspect concerned response types and distinguished three categories (numerical answer 
only, numerical expression only, and explanation or solution required). The second 
aspect concerned the cognitive requirements and distinguished four categories 
(procedural practice, conceptual understanding, problem-solving, and special 
requirements). Son and Senk (2010) extended the second aspect of cognitive expectation 
from Li (2000) into 5 subcategories to analyze the characteristics of problems. Their 
categories are conceptual knowledge, procedural knowledge, mathematical reasoning, 
representation, and problem solving.  
 Likewise, Wijaya et al. (2015) examined the opportunity-to-learn that textbooks 
provide for students by analyzing four aspects of problems: the types of context used in 
tasks (no context, camouflage context, and relevant and essential context), the purposes 
of context-based tasks (application and modeling), the types of information provided in 
tasks (matching, missing, and superfluous), and the types of cognitive demands of tasks 




opportunity-to-learn that three Indonesian textbooks provided for solving context-based 
mathematics problems and examined the relationship between this opportunity-to-learn 
and students’ difficulties in solving those problems. 
 Tabachneck, Koedinger, and Nathan (1995) stated that the mathematical and 
contextual features of problems are two important aspects of analyzing mathematical 
problems. Their study presented problem analysis based on the identification of 
mathematical situational problem difficulty factors. The difficulty factors included 
unknown position, connectedness (with other knowledge), number of operators (one or 
more), number types of quantity (integer, real, and complex), kinds of operators (e.g., 
addition, subtraction, multiplication, and division), number-fact facilitation, and 
situational factors (problem representation).  
 Bao (2009) also analyzed five aspects of problems to develop a model of 
problem difficulty: a pentagon model of problem difficulty. The five aspects are: 
exploration, context, operation, reasoning, and knowledge amount. Each aspect has 
several sub-categories. The exploration aspect includes three levels: memorization, 
understanding, and exploring. The context aspect includes four categories: no context, 
personal life, common knowledge, and scientific situation. The operation aspect includes 
four levels: no operation, numerical operation, simple symbol operation, and complex 
symbol operation. The reasoning aspect includes no reasoning, sample reasoning, and 
complex reasoning. The amount of knowledge topics refers to the number of knowledge 




 For problems’ CR, Nicely Jr. (1985) described 10 cognitive levels of tasks. Each 
level is introduced by descriptive verbs, such as observe and read (level 0); recall, 
recognize, repeat, and copy (level 1); and iterate (level 2). Additionally, Smith and Stein 
(1998) classified mathematical tasks into four cognitive levels: memorization, 
procedures without connections, procedures with connections, and doing mathematics. 
This classification of cognitive levels is popular and used by many researchers. This 
framework was originally used to analyze the tasks that teachers employed in teaching.  
It was also used to analyze the cognitive levels of problems in textbooks (e.g., Jones & 
Tarr, 2007; Ubuz, Erbaş, Çetinkaya, & Özgeldi, 2010).  
 Based on the above literature review, I found that a close relationship exists 
between the other five aspects of problems and CR. Fist, the representation of problems 
plays an important role in determining problems’ CR. Problems in the textbooks are 
shown in different representations or combinations. Teachers often employ real-world 
situations (e.g., word problems) to teach new mathematical concepts and ideas. Real-
world situations with illustrations, as compared to abstract explanations, may offer richer 
real-life situations so that students can understand concepts better. While some studies 
(e.g., Cai, 2004; Kaminski, Sloutsky, & Hecker, 2008) have found that abstract 
representations (symbol expressions) have advantages over concrete representations 
(word problems) in solving complex problems, there is a common belief that teachers 
and curriculum designers believe word problems are more difficult than computation 
problems (Nathan, Long, & Alibali, 2002). This inconsistency of the function of 




Some students may be familiar with a given problem context while others may not be. 
The ability to solve daily-life-based problems is seen as a core goal of mathematics 
education, but students have difficulties (a) understanding the statement of the problem, 
(b) distinguishing between relevant and irrelevant information, and (c) identifying the 
mathematical procedures required to solve a problem (Wijaya et al. 2015).  
 In this study, the representations include daily language expression, pictorial 
expression, and symbol mathematical expression. The cognitive level can be changed by 
converting the representations of problems into the representations with which students 
are familiar. An example of this is the way in which a problem or question is posed to a 
student; the statement of a problem can be written language, a picture, or a table. 
However, some students have trouble understanding written language. Therefore, they 
draw a picture to reduce the difficulty involved in understanding the problem and to 
finally understand the problem’s meaning.  
 Second, problems’ response is an important factor in problems’ CR. For 
example, generally speaking, students prefer to be assigned closed-ended problems. 
Regarding open-ended problems, students may need to provide explanations for answers 
or detailed solutions, which may be troublesome because open-ended problems may 
have several reasonable answers. Accordingly, the modification of a problem’ response 
can alter the problem’s CR.  
 Third, the requirements of arithmetic operation, connections to other 
mathematical knowledge, and reasoning levels are positive relationships with problems’ 




1998), I find evidence of close relationships between task cognitive levels and operation, 
reasoning, and connection. For example, in reference to memorization level (lower 
level), the description shows “have no connections to concepts or meaning that underlies 
the fact, rules, formulas, or definitions being learned or reproduced” (Smith & Stein, p. 
348). This means connection is an important index for task cognitive levels. 
Additionally, the level of procedure without connections describes “require no 
explanations or explanations that focus solely on describing the procedure that was 
used” (Smith & Stein, p. 348) and the use of algorithms. This means the level of 
procedures without connections does not require reasoning or complex thinking, only a 
focus on the algorithms used. By contrast, the level of doing mathematics requires 
“complex and non-algorithmic thinking” (Smith & Stein, p. 348).  
 Additionally, in the framework for textbook analysis in Wijaya et al. (2015), the 
types of cognitive demand consist of three sub-categories: reproduction, connection, and 
reflection. These are closely related to the five aspects mentioned above. For example, 
the category of connection referred to: (a) integrating and connecting across content, 
situation or representation, (b) non-routine problem solving, (c) interpretation of 
problem situations and mathematical statements, and (d) engaging in simple 
mathematical reasoning. These four categories of connection mentioned connection, 
response type (e.g., interpretation), reasoning, and representation.  
 In summary, any changes to the five aspects of a problem can lead to a change in 
the problem’s CR. For example, the problem’s cognitive requirement can be reduced 




representation. Elementary students solve the pictorial fraction problems relatively easily 
when they have learned the definition of fractions. Accordingly, the problem about the 
symbolic expression of the sum of two fractions will become easy for students after they 
learn the procedural rule of the addition of fractions. On the other hand, students may 
find solving complicated word problems to be rather difficult when these problems are 
designed to practice the application of mathematical content because concrete 
representation has different roles in two teaching stages: learning and revisit (Ding & Li, 
2014). 
 In this study, I defined the variation of problems’ cognitive requirement as 
altering five aspects of problems:  representation, response, operation, connection, and 
reasoning. The purpose of employing the variation of problems is to modify the 
problems’ CR which is suited for students’ cognitive levels. During the modification of 
CR, teachers can change one or more aspects. I use an example including fractions to 
illustrate how to change five aspects of problems’ responses, representations, reasoning, 
operation, and connections, respectively, to modify problems’ CR (see Table 3.1).  
 For example, the original problem is 1/8 + 3/8 = ? Teachers can employ the 
strategies of the variation of problems to modify this problem so that it is suited to 
students’ cognitive levels. Teachers can choose from among many different strategies of 
combinations. Teachers can change one aspect or more aspects. To simplify the 
explanation of the application of the variation of problems, I changed only one aspect at 
a time. I assume that I must increase CRs’ levels. Then I could transfer the abstract 




modified cases in Table 3.1. Take operation as an example I can change the number of 
3/8 into 3/5 to increase the requirements of operations and transfer the abstract 
representation to the concrete representation (see c1 in Table 3.1). Take another example. 
If I can change the two aspects of representation and response, the modified problem can 
be “Calculate the sum of 1/8 + 3/8, and use the pictures to explain your results.” In 
general, there are many cases that I did not list in Table 3.1.  
 
Table 3.1 Examples of Changing Problems’ Cognitive Requirements by Altering 
the Five Aspects of Problems. 
 Example 













a1) What fraction of the circle area is the shaded green part 
and blue part altogether?  
a2) Ann ate 1/8 of a box of strawberries and her brother ate 3/8 








 b1) Ann ate 1/8 of a box of strawberries and her brother ate 3/8 of the same box. 
What fraction of the box did they eat altogether? Could you use area models to 
explain your answer? 
b2) Ann ate 1/8 of a box of strawberries and her brother ate 3/8 of the same box. 









 c1) Ann ate 1/8 of a box of strawberries and her brother ate 3/5 of the same box. 
What fraction of the box did they eat altogether? 
c2) Ann ate 1/8 of a box of strawberries, her brother ate 2/7 of the same box, and 











d1) Ann ate 1/8 of a box of strawberries and her brother ate 3/8 of the reminder of 
the box. What fraction of the box did they eat altogether? 
d2) There are 40 strawberries in a box. Ann ate 1/8 of a box of strawberries and her 








e1) Ann and her brother ate 3/8 of a box of strawberries. However, Ann ate only 
1/8 of the same box. What fraction of the box did Ann’s brother eat? 
e2) There are 40 strawberries in a box. Ann ate 1/8 of a box of strawberries and her 




Table 3.2 The Framework for the Variation in Problems. 















Recall/reproduce This level involves the recall of information (fact, 
definition, term, or property) or the application of an 
algorithm or formula.  
Conceptual 
understanding 
Skills and concepts involve more than one step, 
demonstrating conceptual understanding through 
models, comparing and classifying information, 
estimating, and interpreting data from a simple graph. 
Strategic thinking This involves reasoning, planning, and using evidence 












Real world  The problem is related to daily experience and 
presented by daily language. Pictures are not necessary 
for students to solve problems. 
Pictures  Pictures show information that is necessary for students 
to solve the given problem.  
Written math 
language or symbol 
language 
The problem is presented by written math language or 











Students need only to give a number.  
Numerical 
expression required 














No reasoning Reasoning is not necessary to solve the problem. 
Simple reasoning One-step reasoning is necessary to solve the problem. 










 No operation No arithmetic operation.  
Sample numerical 
operation  
Operation steps are less than or equal to two steps; 
either addition/subtraction or multiplication/division. 
Complex numerical 
operation 
Operation steps are more than two steps, or operation 










 No connection  The problem has no connection to other concepts. 
One connection  The problem involves one mathematical concept or is 
connected to one mathematical topic. 
More than one 
connection  
The problem involves more than one mathematical 






3.2.2. A Conceptual Framework for the Problems’ Cognitive Requirements 
 Based on the above literature on the analysis of problems, I developed a 
framework for the variation of problems. The framework includes six aspects: problems’ 
representations, response, connection, operation, reasoning, and CR. This framework 
system integrates the three aspects from Li (2000) and five aspects from Bao (2009) into 
our six aspects. Additionally, based on the framework for measuring problems’ CR in 
Webb, Horton, and O’Neal (2002) and Son (2012), our problems’ CR refers to the depth 
of problems’ CR. I coded CR into three levels: recall/reproduce, conceptual 
understanding, and strategic thinking (see Table 3.2). 
 According to the framework for the variation of problems and the relationships 
between CR and the other five aspects, I built a conceptual framework for the variation 
of problems’ CR to analyze the coherence of the variation of example and practice 
problems in terms of the five aspects’ contribution to problems’ CR (see Figure 3.1). 
The dependent variable is the problems’ CR, which is to be explained by five variables 
corresponding to the five aspects: representation, response, connection, operation, and 
reasoning. Then I not only examined the relationship between problems’ CR and the five 
aspects in the three series of mathematics textbook but also examined the difference 
among example and practice problems’ CR models in the three series of textbooks from 
the perspective of textbook coherence. According to the framework of textbook 
coherence in the first article, micro-level coherence refers to the coherence of example 
and practice problems. In this study, I define the coherence of example and practice 




aspects. My goal is that the findings of this study will extend the theoretical framework 
used in previous studies (e.g., Cai, 2004; Ding & Li, 2014; Li, 2000; Son & Senk, 2010) 
and provide a new perspective from which to examine the coherence of example and 
practice problems.  
 
 
Figure 3.1 The model of the variation of problems’ CR. 
 
3.2.3. Research Questions 
 In this study, I examined the similarities and differences in the example and 
practice problems’ CR in the three models for the variation of problems from the three 
series of textbooks. The following research questions guided this study:  
1. How do the three series of mathematics textbooks specify problems’ CR in the 




2. What are the similarities and differences in example problems and the practice 
problems’ CR in the three models for the variation of problems’ cognitive 
requirements?  
3.3. Method 
3.3.1. Textbook Selection  
 In this present study, I selected a series of school mathematics textbooks from 
three regions: California, Singapore, and Shanghai. Each region has its own educational 
system. California is one of the richest states in the U.S. and is the most populous state. 
California has its own educational system and curriculum standard. About 25% of K-12 
students are English learners. I take the California educational system as representative 
of the U.S education system. Therefore, one popular series of textbook, California 
Mathematics--Macmillan/McGraw-Hill (Altieri et al., 2007) was selected (Koedel, Li, 
Polikoff, Hardaway, & Wrabel, 2017).  
 Singapore is a unique country with a small national territorial area. English is the 
first language and the language of instruction. Singaporean education is strongly 
influenced by Confucian culture but also has includes Western educational ideas. In 
addition, Singaporean students performed at the top level of international surveys (e.g., 
PISA and TIMSS). The US and UK have imported the Singaporean mathematics 
curriculum into their elementary stage to improve the quality of mathematics curricula 
5
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; Forsythe, 2017). Therefore, the series of My Pals are Here (2nd 
Edition) (Kheong, Ramakrishnan, & Wah, 2010) was selected because it is one of the 
most commonly used textbooks in Singapore (Yang, Reys, & Wu, 2010).  
Shanghai is one of the biggest international cities in China and has its own 
educational system and mathematics curriculum standards. Chinese Mandarin is the 
primary language. There is only one series of mathematics textbooks in Shanghai, which 
was published by the Shanghai Education Press (SEP) (Shanghai Education Press, 
2014a, 2014b). Additionally, Shanghai is the only city in mainland China that has 
participated in international assessments three times in the past 10 years (e.g., PISA). 
Shanghai elementary mathematics textbooks have been imported by the UK educational 
system. The Shanghai teaching style will become standard in England (Daily Mail, 12 
July 2016).  The hope is to stop British youth from falling behind their Asian 
counterparts. Thus, it is meaningful to analyze the features of these textbooks. The 
selected SEP is a revised version based on the new Shanghai Elementary and Secondary 
Mathematics Curriculum Standard (Shanghai Education Press, 2004). 
To simplify the research range, I selected the topic of fractions because this topic 
is usually introduced across grade levels from the third to sixth grades. According to the 
Common Core State Standards (Common Core State Standard Initiative, 2010), fractions 
instruction begins in third grade and continues through middle school in the US. 
Meanwhile, fraction instruction begins in third grade and stops in sixth grade in 
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Shanghai (Shanghai Department of Education, 2017). The Singapore syllabus mentioned 
that students learn fractions from second grade to sixth grade. Therefore, the topic of 
fractions is an appropriate medium through which to study problems’ CR in different 
textbooks from different education systems. Furthermore, the content of fractions is a 
very important component of elementary school mathematics because fractions are 
students’ first experience with a mathematical concept beyond what they have learned 
before. When learning fractions, students across the world tend to misconceive aspects, 
such as the concept of fractions, equivalent fractions, the addition of unlike fractions, 
and the division of fractions (e.g., Kamii & Clark, 1995; Li, 2008; Stafylidou & 
Vosniadou, 2004; Tirosh, 2000). Therefore, analysis of the problems from the chapters 




Figure 3.2 One example of the count of fraction problems. 
 
3.3.2. A Coding Instance 
First, I identified what a problem is and then coded all problems from the 




to randomly select and code 15% of the problems. Finally, I checked the agreement 
between my coding and the graduate student’s coding and recoded the disagreed ones 
after discussing with each other.  
 A problem would be coded as one instance even if the problem included several 
sub-questions. For example, take the problem in Figure 3.2, “Write the fraction for the 
part that is green.” There are three problems in Figure 3.2. In this study, I coded the three 
problems as one problem because they have one statement of problems.  
 
Table 3.3 Selected Variables and Measures and Their Descriptive Statistics. 
Variable Representation Coding 
R Region Categorical scale  
Type Problem types Categorical scale   
Cog Cognitive requirements Continuous on a 3-point scale
7
 
Res Response types Continuous on a 3-point scale 
Ope Problem operations Continuous on a 3-point scale 
Rea Reasoning requirements Continuous on a 3-point scale 
Con Connections with other concepts Continuous on a 3-point scale 
Rep Problem representations Continuous on a 3-point scale 
 
 Based on the conceptual framework of problems’ CR (see Table 3.2), I coded all 
problems from all fraction chapters. All variables in this study are listed in Table 3.3. 
Into the order scale, I coded six aspects that can be treated as continuous variables 
except for regions and types of problems. All sub-categories of aspects were coded into 
ordinal data. For example, in reference to the cognitive requirements, the three sub-
categories were coded into different levels: (1) recall/produce, (2) conceptual 
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understanding, and (3) strategic thinking. Therefore, the process of coding was to 
transfer all fraction problems to samples with six values of ordinal variables and two 
values of categorical variables (grade level and problem types). 
 
 
Figure 3.3 A coded problem (Translated from Shanghai Education Press, 
Copyright, 2010, G6A, p. 42). 
  
 Take an example from the Shanghai sixth-grade mathematics textbook (see 
Figure 3.3) to illustrate the process of coding. In Figure 3.3, this problem without a 
solution was in unit 4 from the fraction chapter in the sixth-grade Shanghai mathematics 
textbook. The representation of this problem is mathematical language, and the picture 
does not contain any information, so this problem’s representation is coded into the third 
category, written math language or symbol language. The response type is labeled as 
“explanation or solution.” Based on this categorization, the response aspect is then coded 
into the third category (see Table 3.4). The cognition requirement of this problem is 




expression of  1 1 2
2 3 5
   and provide their evidence to explain their judgments. Also, 
students must use a simple numerical operation (therefore, it is coded into the second 
category) to check the correction of the answer of 2/5 by transferring the two fractions 
(1/2 and 1/3) into the other two fractions with the same denominator.  
 
Table 3.4 The Coded Example in the Shanghai Textbook. 
Aspect Category Code 
Region Shanghai 3 
Grade Grade 6 6 
Type Practice problem 2 
Cognition Strategic thinking 3 
Response Explanation or solution 3 
Operation Simple numerical operation 2 
Reasoning Complex reasoning 3 
Connection Connected to equivalent fractions, the definition 
of fractions, the comparison of fractions 
3 
Representation Mathematical language 3 
 
 However, regarding the solution to this problem, students must use complex 
reasoning (thus, it is coded into the third category of the reasoning aspect) because they 
not only must understand the definition of fractions based on the part-whole relationship 
but also must know the sizes of 1/2 and 1/3. Then students must assess the reasoning 
behind the two students’ answers in Figure 3.3 and give the correct explanation. Finally, 
this problem is connected to equivalent fractions, the definition of fractions, and the 
comparison of fractions, so the connection aspect was coded into three. I list the coded 
categories in Table 3.4. In addition, the two categorical variables (regions and problem 




include California, Singapore, and Shanghai. The problem types include example and 
practice problems.  
3.3.3. Reliability 
 I coded all problems in the fraction chapters and then, two months later, recoded 
them. A few missed instances were added after the second coding. Then the reliability of 
the coding was checked through additional coding by a graduate student. This graduate 
student coded a random selection of 15% of the pages using the same coding framework. 
Cohen’s kappa was computed to check the inter-rater reliability. (Usually, kappa, should 
be 0.7, Landis & Koch, 1977.) The average kappa of 0.91 indicated high agreement 
between my coding and the graduate student’s coding. Regarding the coding with initial 
disagreement between the two coders, the difference was resolved through discussion.  
3.3.4. Data Analysis 
 Multiple-group regression analysis and different Z-tests were used to address the 
research questions. First, the beta weight, p-values, and structure coefficients were used 
to examine the differences in factors’ contributions to problems’ CR in the different 
series of textbooks.  
 First, the structure coefficient is the bivariate Pearson r (Zero-order relationship) 
of a measured predictor with the latent dependent variable    (not with the Y scores). It 
(rs) is computed using a formula: ^ /s XwithY
XwithY
r r r R  (Thompson, 2006, pp. 240-241), 
then ^
2 2 2 2/s XwithY
XwithY
r r r R  , where XwithYr is the bivariate correlation between a measured 






effect size for the regression containing all independent variables. Therefore, “Squared 
structure coefficients can show information about the proportion of    (i.e., the explained 
portion of Y) variance explained by the predictors” (Thompson, 2006, p. 240). Unlike 
regression coefficients (i.e., beta weights), which are affected by correlations among 
predictor variables, structure coefficients are not affected by the collinearity among 
predictors because it is the Zero-order relationship of X with    (not with Y). Based on 
this formula of structure coefficients, I can infer that other independent variables 
contribute indirectly to structure coefficient values. The difference between a zero-order 
correlation and a structure coefficient is “that the structure coefficient is scaled to 
remove the difference of the multiple R
2
” (Nathans, Oswald, & Nimon, 2012). As 
Courville and Thompson (2001) claimed, beta weights and structure coefficients ought 
to be interpreted in multiple regression. Further, I defined a factor as a significant one 
when the factor met one of two conditions: a) the factor’ p-value was less than 0.05; b) 
when the percentage of a factor’s contribution to the variation of the dependent variable 
in a model (the square of structure coefficient) was equal to or over 10% of the 
explained variation of the dependent variable even if its p-value was more than 0.05. 
Therefore, both beta weights and structure coefficients are used to evaluate the 
importance of a predictor rather than relying only on beta weights.   
 Second, Fishers’ Z-test was used to examine how well the predictors predict 
problems’ CR in the three series of textbooks, while Hotellings t/ Steiger’s Z-test was 
used to examine the structures of the problems’ CR models (see Garbin, 2014). Third, I 




to examine the weights’ differences in the different problems’ CR models. That is, p-
values, structure coefficients, and different Z-tests were used to address the two research 
questions.  
 
Table 3.5 Example and Practice Problems’ Distributions in Different Grades.  










3 1 11 20 1.881 31 
4 1 15 21 1.400 36 
6 1 58 76 1.310 134 










2 1 18 47 2.611 65 
3 1 12 22 1.833 34 
4 1 21 45 2.143 66 
5 1 39 102 2.615 141 
6 1 7 37 5.286 44 









2 1 8 64 8.000 72 
3 1 20 142 7.100 162 
4 3 31 175 5.645 206 
5 1 77 295 3.831 372 
6 1 44 235 5.341 279 
Subtotal 7 180 911 5.061 1091 
 Total 16 361 1281 3.548 1642 
 
3.4. Results 
 Table 3.5 shows the information about the fraction problems’ distributions in the 
different grades in the three textbook series. There are seven chapters on fractions in 
California textbooks and five chapters in Singapore textbooks from second grade to sixth 
grade, while there are three chapters in Shanghai textbooks in the third, fourth, and sixth 
grades, respectively. Furthermore, there is only one chapter on fractions in each grade 




chapters on fractions for fourth graders in California textbooks (see Table 3.5). In 
addition, the number of problems in Shanghai textbooks is the lowest among the three 
series of textbooks, while the number of problems in California textbooks is the highest: 
five times as many as in Shanghai textbooks and over three times as many as in 
Singapore textbooks. The ratio of practice and example problems in Shanghai textbooks 
is smallest, while the ratios of practice and example problems in Singapore and 
California textbooks are almost 3 and 5, separately (see Table 3.5).  
 Means, standard deviations, and inter-correlations among all variables are shown 
in Table 3.6. Only the correlation coefficients between representation and the other five 
factors are negative, except for the categorical variables of region and type. The 
comparative results of problems’ CR models and the differences in example-practice 
problems’ CR models in the three series of mathematics textbooks are shown and 
explained as follows: 
 
Table 3.6 Correlation Matrix. 
Factor R Type Res CR Ope Rea Con Rep 
R 1.000        
Type .208
**
 1.000       
Res .179
**
































 1.000  











Mean 2.54 1.78 2.16 2.06 2.00 1.48 1.98 2.14 
SD .702 .414 .789 .572 .746 .578 .724 1.198 
 
Note. R = Regions; Type = Problems’ types (example or practice); Res = Problems’ responses; CR = 
Problems’ cognitive requirements; Ope = Operation; Rea = Reasoning; Con = Connections; Rep = 






3.4.1. The Difference in Problems’ CR Among the Three Series of Textbooks 
3.4.1.1. Multiple-Group Regression Analysis.  
 This analysis was used to examine the differences among the five factors’ 
contributions to problems’ CR among California, Singapore, and Shanghai mathematics 
textbooks. The results are shown in Table 3.7. Based on the beta weights and p-values, 
the four factors of responses, reasoning, connection, and representation are statistically 
significant in contributing to problems’ CR in California textbooks. Only operation is 
not statistically significant. In Singapore textbooks, responses, reasoning, and 
connections are statistically significant for problems’ CR (see Table 3.7). Meanwhile, all 
factors are significant contributors to problems’ CR in Shanghai textbooks.  
 
Table 3.7 The Multiple Regression Weights, Construct Coefficients, and p-Values in 















β rs p β rs p β rs p 
Res .286 .818 .000 .148 .619 .006 .179 .603 .008 
Ope -.035 .516 .244 -.097 .464 .097 -.314 .153 .000 
Rea .308 .823 .000 .162 .849 .017 .378 .796 .000 
Con .251 .809 .000 .362 .933 .000 .423 .761 .000 
Rep .054 -.096 .020 -.025 -.496 .622 -.158 -.253 .002 
  
 However, based on structure coefficients, the factor of operation is also an 
important predictor because its contribution to problems’ CR occupies up to 26.6% 
(0.516
2
) of the R
2
 value in the California model. Also, the factors of operation and 
representation are significant for problems’ CR in Singapore textbooks because their 
contributions to problems’ CR are 21.5% and 24.6% of the R
2




general, from the perspective of structure coefficients, all factors are significant in the 
three series of textbooks. The findings from the perspective of structure coefficients are 
in line with the theory of variation.   
3.4.1.2. Differences Among the R2 Values.  
 The FZT program was used to complete a Fisher’s Z test to compare three pairs 
of R
2 




of the California and Shanghai models are not significantly different. The R
2 
value 
of the Singapore model is significantly smaller than the R
2 
values of the California and 
Shanghai models. This finding means the five factors do not explain problems’ CR in 
Singapore textbooks as efficiently as they do in California and Shanghai textbooks.  
 
Table 3.8 The Z-values and p-values from Fisher’s Z-tests for the Three Models. 
Pair RG1 NG1 RG2 NG2 Z-value p-value 
Ca&Si .667 1091 .534 350 3.4 .000 
Ca&Sh .667 1091 .722 201 -1.378 .084 
Si&Sh .534 350 .722 201 -3.549 .000 
 
Note. Ca = California textbooks; Si = Singapore textbooks; Sh = Shanghai textbooks.  
 
 
3.4.1.3. Difference Among “Structures” of the Three Models.  
 This study selected two-group data from California, Singapore, and Shanghai to 
form three pairs. The detailed results are shown in Table 3.9. According to the p-values, 
I find that there are different structures between the California and Singapore models and 
between the California and Shanghai models. The structures of the Singapore and 
Shanghai models are not significantly different. This means that Shanghai and Singapore 




California textbooks have a different way by which mediate the contributions from five 
factors to problems’ CR.  
 
Table 3.9 The Z-values and p-values from Steiger’s Z-tests for the Three Models. 
Pair Direct RG1 Crossed RG2 Model correlation N Z P 
Ca&Si .667 .636 .954 1091 4.484 .000 
Ca&Sh .667 .571 .856 1091 7.72 .000 
Si&Sh .534 .520 .973 350 1.324 .093 
 




Table 3.10 The Values of SEb-diff, Z-tests, and p-values of Brame/Colgg Z-tests for 
the Three Models. 
Factor Ca&Si Ca&Sh Si&Sh 
SEb-diff Z p SEb-diff Z p SEb-diff Z p 
Res .138 -2.799 .005 .163 -2.359 .018 .199 .000 1.000 
Ope .040 2.691 .007 .056 1.162 .245 .063 -.688 .491 
Rea .051 1.010 .312 .056 4.193 .000 .069 2.667 .008 
Con .068 2.507 .012 .068 -.514 .607 .088 -2.348 .019 
Rep .063 -1.176 .240 .070 -3.307 .001 .086 -1.835 .067 
 




3.4.1.4. Differences Between Predictors’ Contributions  
 The results in Table 3.10 illuminate that the contributions of response, operation, 
and connection to problems’ CR between California and Singapore textbooks are 
significantly different; the contributions of response, reasoning, and representation to 
problems’ CR between California and Shanghai textbooks are significantly different; 
and the contributions of reasoning and connection to problems’ CR between Singapore 
and Shanghai textbooks are significantly different. This means the three textbook series 




differentiations in the three series of textbooks in terms of balancing the five factors to 
alter problems’ CR.  
3.4.2. Differences in Example and Practice Problems’ CR in the Three Models 
3.4.2.1. Multiple-Groups Regressions.  
 For example-practice comparison in each textbook series, based on beta weights 
and p-values, the two factors of response and reasoning are significant for both example 
and practice problems’ CR in California textbooks. Meanwhile, connection is the only 
significant factor for both example and practice problems’ CR in Singapore textbooks. In 
Shanghai textbooks, the three factors of operation, reasoning, and connection are also 
significant for both example and practice problems’ CR. Therefore, the descending 
orders for the total number of significant factors for example and practice problems’ CR 
is Shanghai, California, and Singapore textbooks.  
 
Table 3.11 The Multiple Regression Weights, Construct Coefficients, and p-values 
for the Example and Practice Groups. 
 




















 Res .221 .642 .010 .071 .683 .566 .313 .746 .006 
Ope -.019 .490 .818 .004 .545 .970 -.329 .408 .006 
Rea .373 .876 .000 .288 .915 .022 .317 .774 .003 
Con .164 .694 .055 .285 .923 .043 .426 .779 .001 













Res .294 .827 .000 .159 .587 .010 .095 .492 .284 
Ope -.049 .520 .130 -.134 .426 .054 -.321 -.049 .000 
Rea .300 .813 .000 .109 .815 .185 .419 .791 .000 
Con .274 .821 .000 .398 .930 .000 .411 .744 .000 





 For the example comparison, based on the beta weights and p-values (see Table 
3.11), response, reasoning, and representation are significant factors for the example 
problems’ CR model in California textbooks; meanwhile, reasoning and connection are 
significant factors in the example problems’ CR model in Singapore textbooks. All 
factors are significant in the example problems’ CR models in Shanghai textbooks. 
According to the structure coefficients, the two factors of operation and connection are 
also important in the example problems’ CR model in California textbooks because their 
structure coefficients are .490 and .694 (24% and 48.2% of R
2
). From the perspective of 
structure coefficients, all factors are significant for the example problems’ CR in the 
three series of textbooks.  
 For the practice comparison, according to the beta weights and p-values (see 
Table 3.11), the three factors of response, reasoning, and connection are significant 
factors in the practice problems’ CR model in California textbooks.  Also, only two 
factors of response and connection are significant for Singapore textbooks. Compared 
with the example problems’ CR, response and representation are not significant in the 
practice problems’ CR model in Shanghai textbooks. Even from the perspective of 
structure coefficient, representation is not significant in the practice problems’ CR model 
in California or Shanghai textbooks.  
3.4.2.2. The Differences Between the R2 Values.  
 For the comparison of the R
2
 of example and practice problems’ CR in each 
textbook series, the findings (see Table 3.12) show only that the R
2
 values from example 




while the other comparison of R
2
 values from the problems’ CR models in the Shanghai 
and Singapore textbooks reveals no significant differences.  
 For the example comparisons, the results show that the R
2
 values of the 
California and Singapore models are not significantly different, which means that the 
factors’ contributions to the example problems’ CR in California textbooks are not 
statistically different as compared to Singapore textbooks. Similarly, the factors’ 
contributions to the example problems’ CR in California and Singapore textbooks are 
significantly smaller than their contributions to the examples problems’ CR in Shanghai 
textbooks (see Table 3.12).   
 
Table 3.12 The Z-values and p-values of Fisher’s Z-tests for the Example and 
Practice Groups. 
Type Pair RG1 NG1 RG2 NG2 Z-value p-value 
California Ex & Pr .554 180 .683 911 -2.563 .005 
Shanghai Ex & Pr .702 84 .728 117 -.366 .357 
Singapore Ex & Pr .577 97 .523 253 .64 .261 
 
Example 
Ca &Si .554 180 .577 97 -.265 .396 
Ca & Sh .554 180 .721 84 -2.129 .017 
Si & Sh .577 97 .721 84 -1.661 .048 
 
Practice 
Ca & Si .683 911 .523 253 3.560 .000 
Ca & Sh .683 911 .728 117 -.903 .183 
Si & Sh .523 253 .728 117 -3.044 .001 
 
Note. Ex = Example; Pr = Practice; Ca = California; Sh = Shanghai; Si = Singapore.  
 
 For the practice comparisons, the factors’ contributions to the practice problems’ 
CR in California textbooks are not statistically different compared to Shanghai textbooks, 




textbooks are significantly larger than their contributions to the example problems’ CR 
in Singapore textbooks. In general, the five factors better explain the example and 
practice problems’ CR in Shanghai textbooks and better explain the practice problems’ 
CR in California textbooks. 
3.4.2.3. Differences Between Model Structures.  
 The results in Table 3.13 indicate that the structures of example and practice 
problems’ CR models in California textbooks are significantly different, while the 
structures of example and practice problems’ CR models in Shanghai and Singapore 
textbooks are not significantly different.  
 
Table 3.13 The Z-values and p-values of Steiger’s Z-tests for the Example and 
Practice Groups. 






N Z p 
California Ex & Pr .648 .617 .792 911 1.939 .026 
Shanghai Ex & Pr .710 .728 .976 117 -1.271 .102 
Singapore Ex & Pr .501 .523 .958 253 -1.403 .08 
 
Example 
Ca &Si .554 .517 .933 180 1.604 .054 
Ca & Sh .554 .413 .745 180 3.076 .001 
Si & Sh .577 .535 .927 97 1.294 .098 
 
Practice 
Ca & Si .683 .633 .927 911 5.319 .000 
Ca & Sh .683 .580 .849 911 7.514 .000 
Si & Sh .523 .500 .955 253 1.417 .078 
  
 Furthermore, the results of a comparison of example problems’ CR models of the 
three textbook series illuminate the structures of the example problems’ CR models in 
California and Shanghai textbooks are significantly different, while the two other pairs 
are not significantly different. This no significant result suggests that California and 




different way (see Table 3.13).  
 For the comparison of practice problems’ CR models, the findings show that the 
structures of practice problems’ CR models in Shanghai and Singapore textbooks are not 
significantly different. This suggests that Shanghai textbooks use the five factors to 
modify practice problems’ CR in the same way that Singapore textbooks do, while 
California textbooks use a different path to balance practice problems’ CR.  
3.4.2.4. Differences Between Factors’ Contributions  
 For the comparison of beta weights in the example and practice problems’ CR 
models from the three textbook series, the findings indicates that the beta weights of the 
five factors in example and practice problems’ CR models for each textbook series do 
not have any significant differences. 
 
Table 3.14 The Values of SEb-diff, Z-tests, and p-values of Brame/Colgg Z-tests for 
the Example and Practice Groups. 
T Factor California Shanghai Singapore 














 Res .065 -.826 .409 .108 1.432 .152 .096 -.569 .570 
Ope .057 .432 .666 .112 .237 .812 .106 1.016 .310 
Rea .074 .433 .665 .128 -.728 .467 .139 1.249 .212 
Con .062 -1.811 .070 .145 .002 .998 .127 -.538 .590 
Rep .038 1.508 .132 .078 -.425 .671 .068 .439 .661 
  







 Res .106 1.018 .309 .102 -.706 .480 .119 -1.508 .132 
Ope .105 -.146 .884 .103 2.339 .019 .128 2.011 .044 
Rea .135 .582 .561 .118 .443 .658 .152 -.175 .861 
Con .121 -.962 .336 .132 -2.354 .019 .162 -1.207 .227 







California & Singapore California & Shanghai Singapore & Shanghai 
Res .046 2.329 .020 .074 1.842 .065 .081 .356 .722 
Ope .059 1.149 .251 .072 3.392 .001 .087 2.037 .042 
Rea .081 2.722 .006 .089 -.818 .413 .112 -2.610 .009 
Con .074 -.978 .328 .086 -2.298 .022 .105 -1.201 .230 




 For the example comparisons, Table 3.14 shows that none of the factor’s 
contributions to the example problems’ CR are significantly different in California and 
Singapore textbooks. However, the contributions of operation and connection to the 
example problems’ CR in California textbooks are significantly smaller than those in 
Shanghai textbooks, while the contribution of representation is bigger than that in 
Shanghai textbooks. This finding about the comparison between example problems’ CR 
in California and Shanghai textbooks suggests Shanghai textbooks emphasize the factor 
of the examples’ operation and connection while California textbooks emphasize the 
examples’ representation. When compared to Shanghai textbooks, Singapore textbooks 
place more emphasis on the examples’ operation.  
 Similarly, in terms of the practice comparisons in three series of textbooks, 
California textbooks place more emphasis on the practice problems’ response and 
reasoning than do Singapore textbooks (see Table 3.14).  When comparing the practice 
problems in California textbooks to the practice problems in Shanghai textbooks, I find 
that California textbooks emphasize operation while Shanghai textbooks emphasize 
connection. Compared to Singapore textbooks which emphasize practice problems’ 
operation, Shanghai textbooks emphasize reasoning. 
3.5. Discussion  
 David Hilbert (1862-1943) noted that mathematical problems are the spirit of 
mathematics. Similarly, mathematical problems are the main body of mathematics 
school textbooks. Correspondingly, the variation of problems’ CR should be one 




have analyzed the variation of problems’ CR in the three series of textbooks in terms of 
five factors. Next, I discuss the findings and implications.  
3.5.1. Differences and Similarities 
The differences among the important aspects between the three textbook series 
are not significant. The findings reveal that the five aspects are essential for problems’ 
CR in the three series of textbooks, while the factor of representation is not an important 
contributor to practice problems’ CR in California and Shanghai textbooks. Furthermore, 
representation has a negative relationship with problems’ CR, while the other four 
factors have positive relationships. The negative relationship between representation and 
problems’ CR aligns with the finding from Kaminski, Sloutsky, and Hecker (2008) that 
abstract representations have advantages over concrete representations in terms of 
solving complex problems. Nathan, Long, and Alibali (2002) noted that word problems 
are more difficult than computations. In other words, word problems highlight the 
translation between concrete and abstract representations, while computations highlight 
operation. For a problem with a concrete representation, students often need to translate 
a concrete representation into an abstract representation and use a rule to solve it. 
Finding a solution to a real-world problem requires students to use more representations. 
This aligns with the finding from Huang and Cai (2011), whose study of pedagogical 
representations found a positive relationship between problems’ CR and the number of 
representations used for solving problems.  
 The emphasis placed on the five factors’ contributions to problems’ CR in the 




emphasis on the balanced contributions from five factors than do the other two textbooks. 
As Sun (2013) found, Chinese mathematics textbooks provide opportunities to make 
connections and emphasize the underlying rationale behind the algorithm by using 
variation problems. On the other hand, California textbooks weaken the operation’s 
contribution while Singapore textbooks weaken the two factors of operation and 
representation. The above finding provided evidence for the statement that U.S. 
standards-based mathematics textbooks emphasized the solving of real-world problems 
and the development of conceptual understanding (Senk & Thompson, 2003). 
The percentages of the five factors’ contributions to problems’ CR between 
Singapore and Shanghai textbooks have no significant differences, while those of 
California and Singapore textbooks are significantly different, as are those in California 
and Shanghai textbooks. This means Singapore and Shanghai textbooks use a similar 
means to mediate problems’ CR by balancing the five factors. The reason for this might 
be that they are both Asian countries and have similar cultures. Furthermore, the 
difference between California textbooks and Singapore/Shanghai textbooks might 
provide evidence for the criticism that traditional US textbooks are repetitive and 
undemanding, especially in terms of practice problems (e.g., Flanders, 1987; Zhu & Fan, 
2006). The amount of practice in US mathematics textbooks is greater than those in 
Shanghai and Singapore textbooks (e.g., Alajmi, 2012; Schmidt, McKnight, & Raizen, 
1997). This feature is related to the fact that the US has a more varied population of 





The differences in the five factors’ contributions to problems’ CR in the three 
series of textbooks are significant. This finding further reveals that different textbooks 
place different emphases on the five factors. California textbooks emphasize the 
variation of operation and connection to modify problems’ CR while Singapore 
textbooks highlight the variation of response. Also, the findings show that California 
textbooks emphasize the variation of reasoning while Shanghai textbooks underline the 
various responses and representations. A comparison of Singapore textbooks to 
Shanghai textbooks show that Singapore textbooks emphasize the variation of reasoning 
while Shanghai textbooks highlight the improvement of connection.  
3.5.2. The Coherence Between Example Problems’ CR and Practice Problems’ CR 
For the comparison of example and practice problems’ CR in each of the three 
textbook series, the contributions of the five factors to the example and practice 
problems’ CR in California textbooks are significantly different. Similarly, the structures 
of the variation of example and practice problems are significantly different. Based on 
these findings, I could infer that the coherence of the variation of example and practice 
problems’ CR in California textbooks in terms of the five factors is weaker than those in 
Shanghai and Singapore textbooks. This finding supports the statement that mathematics 
textbooks’ editorial teams must pay more attention to the coherence of mathematics 
textbooks (Schoenfeld, 2004; Wu, 2011).  
To be specific, first, the differences in the factors’ contributions in example 
problems’ CR in the three series of textbooks are relatively little while those in the 




contributor to practice problems’ CR in California and Shanghai textbooks. As Son and 
Senk (2010) found, around 70% of problems in Everyday Mathematics and the 7th 
Korean mathematics curriculum are presented as pure mathematical language. Similarly, 
Sherman, Walkington, and Howell (2016) found that the symbol procedure view (i.e., 
symbolic equations are easier to solve and should be taught before verbal problems) still 
prevailed in US textbooks. On the other hand, Singapore textbooks often have the 
feature of translation among concrete-pictorial-abstract representation. However, this 
feature highlights the fact that the solutions to problems in Singapore textbooks are 
presented by means of using the translation of presentations from concrete to pictorial to 
abstract representation. Actually, most problems are presented in terms of pure 
mathematical language. Singapore textbooks often show example and practice problems 
in a manner of concrete fading. The transformation from concrete to pictorial to abstract 
representation is clearly shown in Singapore textbooks. The strategy of concrete fading 
has been advocated by some studies (e.g., Goldstone & Son, 2005; McNeil & Fyfe, 
2012). In our study, I defined problem representation as the statements of problems. This 
definition could explain that representation is not an important factor in determining 
practice problems’ CR in Shanghai textbooks. This finding about representation is also 
in line with the feature of Chinese mathematical textbooks that emphasizes the learning 
and application of abstract knowledge (e.g., Ding & Li, 2014; Huang & Cai, 2011).   
Second, the differences in the five factors’ contribution to example problems’ CR 
in the three textbook series are relatively small. There are no significant differences 




representation to example problems’ CR in California textbooks are significantly larger 
than those in Shanghai textbooks, while the contribution of example problems’ 
connection is smaller than that in Shanghai textbooks. This result is in line with the 
finding from Ding (2016) that the nature of concrete representations in Chinese 
examples is contextual and that Chinese textbooks stress structural relations while US 
textbooks place a lesser emphasis on connections. Likewise, Sun (2011) argued that 
Chinese mathematics provided more opportunities to make connections by using the 
variation of problems. A comparison of Shanghai textbooks and Singapore textbooks 
reveals that the two textbook series use a similar strategy of mediating example 
problems’ CR, which may be related to the similarities in the Singapore and Shanghai 
educational systems. Their education is strongly influenced by Confucian culture. 
Additionally, Singapore textbooks emphasize example problems’ operation a little more 
than do Shanghai textbooks. This emphasis of operation supports the finding from Yang, 
Chang, and Sianturi (2017) that 75% of questions in Singapore textbooks are shown in 
purely mathematical forms.  
 Finally, the differences in the five factors’ contribution to practice problems’ CR 
in the three textbook series are significant. California textbooks emphasize practice 
problems’ response and reasoning more than Singapore textbooks do. Additionally, 
when comparing practice problems in California textbooks and practice problems in 
Shanghai textbooks, I find that California textbooks emphasize operation while Shanghai 
textbooks emphasize connection. As Zhu and Fan (2006) found, US textbooks have a 




do Chinese textbooks. Non-traditional problems including problem-posing, puzzles, 
project, and journal-writing, require more response types. Furthermore, when compared 
to Singapore textbooks emphasizing practice problems’ operation, Shanghai textbooks 
emphasize reasoning. As Seah and Bishop (2000) claimed, the editorial team of 
Singapore textbooks has the value that even practice problems appear in the form of 
drills.   
3.6. Conclusion 
 This study aims to examine the variation of fraction problems’ CR in the three 
series of mathematics textbook. To address this question, I developed a framework for 
the variation of problems with six aspects. Based on this framework, I built a conceptual 
model for problems’ CR to analyze the coherence of the variation in California, 
Shanghai, and Singapore textbooks. Next, I employed multiple-group regression and 
various Z-tests to analyze the differences among the three problems’ CR models in two 
aspects: example and practice problems. The results of this study provide detailed 
information about problems’ CR model, including five other aspects (response, 
operation, reasoning, connection, and representation) by comparing the five aspects of 
fraction problems in the three textbook series.  
 The results showed that operation was not a significant factor contributing to 
problems’ CR in California textbooks. Shanghai textbooks more effectively balanced the 
five aspects to mediate problems’ CR. Second, the differences between example and 
practice problems’ CR models in California textbooks were significant, while those in 




found that the emphases of the textbooks varied in three aspects. California textbooks 
emphasized operation and connection more, while Singapore textbooks emphasized 
response. On the other hand, Shanghai textbooks emphasized response and 
representation while California textbooks emphasized reasoning. Singapore textbooks 
emphasized reasoning while Shanghai textbooks emphasized connection.  
In general, the present study provides a distinct perspective from which textbook 
designers, mathematics educators, and teachers can evaluate and use their textbooks by 
deeply analyzing problems’ CR with respect to the five aspects. First, textbook designers 
can improve the quality of textbooks by examining problems’ CR in terms of the five 
aspects. In designing textbooks, they can consider the five aspects and create problems 
that are better suited to students’ cognitive development. Additionally, textbook writers 
might benefit from the results of comparative studies because they can learn from the 
features of others’ textbooks and obtain more information about the variation of 
problems in mathematics textbooks from different education systems. As this study 
showed, the five aspects’ contributions to problems’ CR are significantly different in the 
three series of textbooks. Different textbooks have their own emphases on the five 
aspects. California textbooks emphasize problems’ connections, response types, and 
reasoning. Shanghai textbooks emphasize the balance of problems’ five aspects. 
Singapore textbooks underline problems’ connection and response.  
Moreover, this study may be helpful as a means by which mathematics educators 
can further analyze and explain the nature of mathematics textbooks (such as textbook 




On the one hand, based on the conceptual model of problems’ CR, mathematics 
educators can provide pre-service and in-service teachers with professional development 
programs about problem-posing and problem-solving. Specifically, teachers can become 
informed by seeing the alteration of problems’ five aspects and creating new problems 
based on a given problem. The five aspects can also be regarded as strategies of 
problem-posing. On the other hand, based on the findings of this study, mathematics 
educators can further explore the similarities and differences in the variation of problems 
among multiple mathematics textbooks and examine the coherence between example 
and practice problems in terms of the five aspects by selecting all problems in textbooks.  
Finally, teachers can better use mathematics textbooks in their teaching after they 
understand the relationships between problems’ CR and the five aspects. The gap 
between the intended and implemented curriculum has been examined in the past 
decade, and teachers can narrow this gap by creating appropriate problems suited for 
their students’ cognitive levels, based on problems in textbooks, by altering the 
problems’ five aspects. This study provides opportunities for teachers to understand 
problems’ cognitive requirements and to examine the rationality of curriculum standards 
with respect to problem-solving by showing the differences between example and 
practice problems’ CR in term of five aspects.  
 However, I caution against simple generalization of the findings due to the 
limitations of this study. One limitation is that this study examines only problems’ CR in 
the chapters on fractions from the three series of mathematics textbooks rather than the 




of the textbooks. Another limitation is that the coding system is not perfect. Each factor 
includes only three sub-categories. More sub-categories could be added to the 
framework to vary problems based on the prior studies. The last limitation is that this 
study compares three different series of textbooks rather than the models between the 
example and practice problems in each textbook. Additional studies may explore a more 
complicated structure among these factors. Researchers can also explore the mediation 
effect of the factors of reasoning and connection in this conceptual framework for 
problems’ CR because these factors have high correlation coefficients with problems’ 
CR.  
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4. EXAMINING US AND CHINESE MATHEMATICS TEACHERS’ KNOWLEDGE 
FOR TEACHING WITH A FOCUS ON INSTRUCTIONAL COHERENCE: THE 
CASE OF EQUIVALENT FRACTIONS 
 
4.1. Introduction 
 After the release of a greater number of international mathematics assessments 
(e.g., TIMSS and PISA), various concerns about students’ mathematics achievements 
have grown throughout the world. Many countries have begun turning their attention 
toward mathematics education. Educators are working to improving students’ 
achievement, particularly in areas like the US and the UK where students’ mathematics 
achievement levels are below the international level.  
 Previous studies have explored the reasons for the differences in students’ 
mathematics achievement. Few would disagree that the quality of mathematics teaching 
depends on teachers’ content and pedagogical knowledge. NCTM (2000) stated, 
“Effective teaching requires knowing and understanding mathematics, students as 
learners, and pedagogical strategies” (p. 17). Also, Hill, Bowen, and Ball (2005) found a 
significant positive relationship between teachers’ mathematical knowledge and their 
students’ achievement. To be specific, the fact that “the mathematical knowledge of 
many teachers is dismayingly thin” (Ball, Hill, & Bass, 2008, p. 14) is one of the reasons 
for students’ low achievement. To explore some possible reasons for US students’ 
unsatisfactory mathematics achievement compared to Asian students, Ma (2010) 




mathematics. She concluded that to improve students’ performance, mathematics 
educators must help teachers improve their understanding of mathematical knowledge. 
To better improve the level of teachers’ content and pedagogical knowledge, it is 
essential that the educators of mathematics teacher education assess those teachers’ 
mathematical knowledge for teaching.  
 n the past decade, many studies have reported differences in teachers’ knowledge 
for mathematics teaching between the US and East Asia (e.g., An, Kulm, & Wu, 2004; 
Ma, 1999; Kim, Ham & Paine, 2011; Schmidt et al., 2007; Leung, 2006; Senk et al., 
2012). An important reason for this lies in the difference between US and Chinese 
education systems. US students often have different teachers who teach their 
mathematics in various grades, while Chinese students often have the same teacher for 
several years. Specifically, US mathematics teachers are often assigned to teach one or 
two grade levels and they focus on teaching a limited number of content topics for 
several years. By contrast, Chinese mathematics teachers often teach the same 
mathematics to the same students throughout the grade levels. For example, each 
elementary mathematics teacher has an opportunity to teach different grades for several 
years. This means each teacher can teach all grade levels over the course of several 
years. Second, for US secondary students, even those in the same grade, different 
mathematics subjects could be taught by different mathematics teachers. For Chinese 
secondary students, all mathematics content is taught by one teacher. Therefore, US 
teachers teach only individual grade levels with no continuity, resulting in a system that 




 In China, the feature of teachers teaching students for several years could 
contribute to two strengths. One is that Chinese mathematics teachers could know their 
students better than US mathematics teachers know their students. The other is that 
Chinese mathematics teachers could have coherent knowledge about what they teach. 
However, Chinese students can also encounter incoherent instructions when they have a 
new teacher or enter a new school, such as during the transition from elementary to 
middle school or from high school to college/university. Therefore, it is a challenge for 
middle school teachers teaching first-year middle school students to implement coherent 
instruction between the last-year of elementary school and the first year of middle 
school.  
 Few studies focus on examining the US and Chinese mathematics teachers’ 
knowledge for teaching from the perspective of instructional coherence (Cai, Ding, & 
Wang, 2014; Chen & Li, 2010). There are at least two reasons for this topic of study in 
the existing literature. First, there is no clear consensus on the definition of instructional 
coherence due to the complex nature of mathematics knowledge for teaching. This 
conceptual issue becomes even more complicated when teachers are from different 
educational systems. Second, mathematics educators still know little about the 
examination of mathematics teachers’ knowledge from the perspective of instructional 
coherence. Therefore, there is both theoretical and practical significance in studying 
teachers’ mathematics knowledge in different countries through a comparative analysis 




 To simplify the research range, this study selected the topic of equivalent 
fractions (EF) because this topic is usually introduced in the third or fourth grade and is 
repeatedly reviewed later in both fifth and sixth grades in the US and China. This means 
learning EF will be done across elementary and middle school. In the elementary stage, 
knowledge of EF can also be used to check students’ understanding of fractions in terms 
of different pictorial models (e.g., area model, length model, set model, and number 
line). In the middle school stage, EF is the foundation of the addition and subtraction of 
unlike fractions. Students are then expected to master EF and to generate EF for learning 
the four operations of fractions. According to the Common Core State Standards 
(Common Core State Standard Initiative [CCSSI], 2010), fraction instruction begins in 
third grade and continue through low-secondary school in the US. Meanwhile, in China, 
fraction instruction begins in third grade and stops in sixth grade (Shanghai Department 
of Education, 2017). Therefore, the topic of EF is an appropriate medium through which 
research teachers’ knowledge across grades from a perspective of coherence. 
 This study examines US and Chinese mathematics teachers’ knowledge for 
teaching EF by using a cross-national comparative approach. First, this study develops a 
conceptual framework for instructional coherence in mathematics teaching by reviewing 
the pertinent literature. Then, this study analyzes and compares US and Chinese 
teachers’ knowledge in the instruction of EF. To be specific, I will examine US and 
Chinese teachers’ knowledge of EF in terms of two aspects: EF instruction in the 
elementary school and the differences between EF instruction in elementary school and 




 What is the selected US and Chinese teachers’ knowledge of teaching EF?   
 What are the similarities and differences between the US and Chinese teachers’ 
knowledge of teaching EF?  
 This study is significant because it can inform our understanding of the 
differences and similarities in US and Chinese mathematics teachers’ knowledge for 
teaching EF from the perspective of instructional coherence as well as provide a new 
perspective on instructional coherence to improve teachers’ mathematical knowledge for 
teaching.  
4.2. Literature Review 
4.2.1. Mathematics Knowledge for Teaching 
 Shulman’s (1986) conceptualization of teacher knowledge led a new phase--one 
that continues to the present--of research into teacher knowledge. Shulman and his 
colleagues proposed different categories of teacher knowledge that are necessary for 
effective teaching. Although the specific boundaries and the names of the categories 
vary across publications, Shulman’s is the most detailed. He proposed seven different 
categories of teacher knowledge: a) general pedagogical knowledge; b) knowledge of 
learners’ characteristics; c) knowledge of educational context; d) knowledge of 
educational purposes and values; e) content knowledge; f) curriculum knowledge; and g) 
pedagogical content knowledge (PCK). PCK is a special domain of teacher knowledge. 
It refers to the distinctive bodies of knowledge for teaching--a kind of subject-matter-
specific professional knowledge (Ball, Thame, & Phelps, 2008). Shulman (1987) further 




PCK is the knowledge of teaching strategies and representation while the other is the 
knowledge of the students’ understanding of the subject. After Shulman’s definition of 
PCK, the term PCK was widely accepted across the world. However, PCK does not have 
an accepted definition or conceptualization. Many studies have expanded or re-
conceptualized the definition of PCK (e.g., An, Kulm, & Wu, 2004; Ball et al., 2008; 
Cochran, DeRuiter, & King, 1993; Marks, 1990).  
 For example, Deborah L. Ball and her colleagues’ work was accepted as the most 
prominent studies on re-conceptualizing PCK in the field of mathematics education. 
Building on Sulman’s conceptualization of the teachers’ knowledge base, Ball and her 
colleagues proposed the new name of Mathematical Knowledge for Teaching (MKT) 
based on an analysis of teaching on a large scale (Ball et al., 2008). The generation of 
MKT was characterized as work from the bottom to the top (from practice to theory). 
Ball and her colleagues tested their hypothesis about this “professional” knowledge of 
mathematics by creating special measures of teachers’ professional mathematical 
knowledge. In addition, they analyzed the relationships between those measurements 
and students’ mathematical achievement to provide more evidence of the different 
categories of knowledge; that is, students’ high performance is one of the most important 
results of effective teaching.  
 Specifically, MKT emphasizes the use of knowledge in/for teaching rather than 
teachers themselves (Ball et al., 2008). The MKT model includes two major categories 
of knowledge: subject matter knowledge and PCK. Subject matter knowledge includes 




content knowledge. PCK includes knowledge of content and students (KCS), knowledge 
of content and teaching (KCT), and knowledge of content and curriculum (KCC).  
 For several reasons, the MKT model was accepted as an important model for 
mathematics teachers’ knowledge base. First, four components of knowledge (SCK, 
CCK, KCS, and KCT) in the MKT model were confirmed by the results of many 
empirical studies that measured teachers’ MKT. Thus, the MKT model is relatively 
reliable. Second, in the MKT model, PCK includes three components (KCS, KCT, and 
KCC). Third, the MKT model was developed based on several MKT tests that focused 
on specialized content knowledge, such as number concepts, operations, and patterns 
(Hill, Ball, & Schilling, 2004). Finally, the development of the MKT model provides 
empirical evidence of the positive relationship between student achievement and 
teachers’ MKT. During hypothesis testing for CCK and SCK, findings revealed and 
verified the positive relationship between MKT and students’ performance (Hill et al., 
2005). All of these facts help explain the validity of the MKT model. 
 Shulman’s content knowledge and pedagogical content knowledge were 
questioned for a lack of clarity and their static view of knowledge. For example, 
Fennema and Franke (1992) claimed that knowledge is the production of the interaction 
between students and teachers in a given context. To be specific, the interaction among 
teachers’ knowledge of content, teachers’ knowledge of pedagogy, students’ cognition, 
and teachers’ beliefs produces a knowledge package. This knowledge package 
determines teachers’ behavior and teaching in the classroom. Fennema and Franke (1992) 




components: knowledge of the content, knowledge of pedagogy, knowledge of students’ 
cognition and teachers’ beliefs.The model focuses on teacher knowledge as it occurs in 
the context of the classroom. Moreover, they stated that knowledge is dynamic and that 
teaching is a way to change teachers’ existing knowledge system. 
4.2.2. Horizon Content Knowledge  
 It is widely acknowledged that many teachers will do anything possible to 
support their instruction. In terms of mathematics, teachers must know curriculum 
mathematics, understand connections between mathematical ideas, and learn how to 
uncover the mathematical ideas behind mathematical content (Kilpatrick, Swafford, & 
Findell, 2001). Only then can they successfully solve teaching problems and help 
students deeply understand mathematical content. However, based on the MKT model, 
Ball and her colleagues only provisionally added Shulman’s third category, curricular 
knowledge, to PCK. They noted uncertainty about its validity. Additionally, they 
reluctantly added the third component of knowledge, “horizon content knowledge 
(HCK)” into subject matter knowledge. They originally described horizon content 
knowledge as:  
An awareness of how mathematical topics are related over the span of mathematics 
included in the curriculum. First grade teachers, for example, may need to know 
how the mathematics they teach is related to the mathematics students will learn in 
third grade to be able to set the mathematical foundation for what will come later. It 
also includes the vision useful in seeing connections to much later mathematics 




However, this definition of HCK includes two levels of understanding. The first level of 
understanding is its relationship to content and curriculum, which is a curricular 
mathematical knowledge across grades. The second level of understanding refers to 
advanced mathematics (Wasserman & Stockton, 2014). 
 Ball and Bass (2009) further delineated the definition of HCK. They divided 
HCK into three sub-categories: topics which concern connections, both within the field 
of mathematics and with other disciplines; practice pertaining to how mathematics is 
constructed; and values specifying its usefulness when completing mathematical tasks. 
 On the other hand, Martinez et al. (2011) proposed that HCK was “not another 
sub-domain of MKT but rather mathematical knowledge that actually shapes the MKT 
from a continuous mathematical education point of view” (p. 2646). They also claimed 
that HCK can be classified into three types: a) intra-conceptual connections or junctions 
between different ideas associated with a particular mathematical concept, constituting 
the essence of mathematics; b) inter-conceptual connections or junctions to different 
mathematical concepts; and c) temporal connections or relationships between 
mathematical concepts at different stages of the curriculum, that is, between what has 
been studied and what will be studied. 
 Meanwhile, Ma (2010) proposed a concept of longitudinal coherence and 
explained, 
Teachers with a profound understanding of fundamental mathematics (PUFM) are 
not limited to the knowledge that should be taught in a certain grade; rather, they 
have achieved a fundamental understanding of the whole elementary mathematics 




review crucial concepts that students have studied previously. They also know what 
students are going to learn later, and take opportunities to lay the proper foundation 
for it. (p. 122)  
The description of longitudinal coherence is similar to the statement of HCK from Ball 
et al. (2008). Teachers must realize that mathematical topics are related across the 
different chapters or the different grades in the curriculum. 
 Furthermore, Jakobsen, Thames, Ribeiro, and Delaney (2012) defined HCK and 
stated, “Horizon [content] knowledge relevant for teaching is typically about 
appreciating structure, both in the sense of gaining familiarity with important 
mathematical structures of the discipline and with understanding them and being able to 
use them as structures” (p. 9). This definition is related to the definition of curriculum 
coherence in Schmidt et al. (2002). A coherent curriculum should be one in which a set 
of content standards evolves from particulars to inherent deeper structures that serve as a 
means of connecting the particulars. 
Moreover, Carreno, Ribeiro and Climent (2013) also defined HCK,  
As an awareness of how the current mathematical topic fits into the overall scheme 
of the students’ mathematical education, how the various topics relate to the others, 
and the way in which the learning of a particular topic may relate with others as one 
moves up the school. (p. 3)  
Then they explained that teachers with HCK could have a large mathematical 
environment out of the subjects they teach and perceive different connections among 
different topics or in one topic across chapters/grades. Meanwhile, HCK can be regarded 




of their curriculum) is mathematically important and worthwhile to pursue when they 
teach a topic (Carreno et al., 2013) 
 However, Zazkis and Mamolo (2011) claimed that the notion of HCK can be 
perceived as advanced mathematics knowledge. That is, “knowledge of the subject 
matter acquired during undergraduate studies at colleges or universities” (p. 1). 
Guberman and Gorev (2015) claimed that knowledge of the mathematical horizon can 
be considered a separate category based on their findings. They found that this 
knowledge has three characteristics: a) insight of subject matter, b) mathematical 
connections, and c) understanding of meta-mathematics.  
 In summary, the different definitions of HCK include one or two kinds of 
knowledge: the content across grades or advanced mathematics knowledge. However, 
scholars have different definitions of advanced mathematics knowledge. One is 
knowledge of the subject matter acquired during undergraduate studies at universities, 
while the other is a large mathematical environment out of the subjects they teach in the 
field of school mathematics. 
4.2.3. Coherence of Mathematical Knowledge  
 Mathematics is shown as a coherent, consistent, structured, hierarchical, and 
organized knowledge system of concepts, laws, and propositions (Suppe, 1977; Koponen 
& Pehkonen, 2010). The Common Core State Standards Initiative (CCSSI) stated that 
“mathematics is not a list of disconnected topics, tricks, or mnemonics; it is a coherent 




 Coherence of knowledge can ensure that the system of knowledge becomes a 
whole rather than a set of isolated concepts, theorems, propositions or models (Koponen 
& Pehkonen, 2010). Coherent knowledge is relatively readable and understandable for 
learners. The coherentists claimed that knowledge is a globally connected structured 
system. Most importantly, when new knowledge is added to the system, the large parts 
of the structure are involved, and the structure itself is also affected by the newly added 
knowledge (Kosso, 2009).  
 CCSSI (2017) also defined the coherence in mathematics curriculum as “linking 
topics and thinking across grades.” CCSSI further explained,  
The standards are designed around coherent progressions from grade to grade. 
Learning is carefully connected across grades so that students can build new 
understanding onto foundations built in previous years... Each standard is not a new 
event, but an extension of previous learning. Coherence is also built into the 
standards in how they reinforce a major topic in a grade by utilizing supporting, 
complementary topics. For example, instead of presenting the topic of data displays 
as an end in itself, the topic is used to support grade-level word problems in which 
students apply mathematical skills to solve problems (CCSSI, 2017). 
The CCSSI-described coherence focuses on the structure of mathematics and the natural 
pathways through that structure. The natural pathways should follow the logical 
sequence and cognitive development in designing the sequence of mathematics content. 
Meanwhile, Koponen and Pehkonen (2010) claimed that the coherence of knowledge is 
restricted in explanatory and deductive coherence. They further explained, “The 




experiments. The deductive coherence, on the other hand, is closely related to the 
deductive use of models and model-type symbolic relations” (p. 262).  
4.2.4. The Conceptual Framework for Instructional Coherence  
 Researchers commonly acknowledge that a teacher’s subject matter knowledge 
and general pedagogical knowledge are important ingredients for high-quality teaching. 
To implement effective instruction, teachers must have subject matter knowledge and 
general pedagogical knowledge for teaching a topic. They also must attend to 
instructional coherence to help students build the connections among the different 
mathematical topics within a grade or across grades. The precondition of the 
implementation of instructional coherence is that teachers must have coherence of 
content knowledge. Therefore, based on Koponen and Pehkonen’s (2010) pedagogical 
coherence and deductive coherence, this study proposed a conceptual framework for 
instructional coherence including two aspects: coherence of mathematical content and 
coherence of mathematical pedagogy.  
 Coherence of mathematical content is defined as an awareness of how 
mathematical topics are conveyed over the span of mathematics. It also includes the 
vision of seeing connections to later mathematics content. On the other hand, coherence 
of mathematical pedagogy means an awareness of the way in which mathematical topics 
are related throughout the cognitive development and teaching strategies across grades. 
For example, first-grade teachers may need to know how the mathematics they teach is 





4.2.5. Literature About Learning Equivalent Fractions 
 Learning fractions is a challenging topic for students. The understanding of 
fractions includes multifaceted constructs of fractions (Behr, Harel, Post, & Lesh, 1992; 
Kieren, 1993). Five sub-constructs have been identified: part-whole relationship, 
measurement, quotient
8
 (fractions as division), operator, and ratio. To be specific, first, 
for the construct of a part-whole relationship, the fraction 2/3 can be conceived of as two 
parts of a whole including three equal parts. Three main models are used to teach 
fractions when using a part-whole relationship. They are: area model, length model, set 
model, and line number model. Second, a fraction can be considered a quotient.  The 
fraction 2/3 means two divided by three. Teachers often use a concrete problem to 
illustrate this construct. For example, Mrs. Ana has two pizzas, and three children will 
share the two pizzas equally. How many pizzas will each get? Third, a fraction is 
regarded as an operator. There are 12 apples in a box. How many apples do you have if 
you take two-thirds of a box?  Fourth, a fraction is a ratio. There are two girls and three 
boys on a team. What is the ratio of girls to boys? Finally, fractions are considered as 
measurements; for example, if 1/3 is located on a number line, then where is the location 
of 2/3 on this number line (Pantziara & Philippou, 2012)?  
 Fractions are regarded not only as numbers but also the relation between parts 
and a whole or between two objects. These factors could be confusing for students. 
Meanwhile, the understanding of EF is based on the various conceptualizations of 
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fractions. The understanding of EF can be regarded as the extension of the understanding 
of fractions. In other words, the use of EF to describe different pictorial models (e.g., 
area model, length model, set model, and number line) can check students’ 
understanding of fractions. 
  Chan, Leu, and Chen (2007) claimed that the understanding of fractions 
included three primary sub-concepts: equal sharing, units, and EF. Therefore, the 
learning difficulties involving fractions extend to the learning of EF. Van de Walle 
(2004) identified three main indicators to examine students’ understanding of EF: 
rename a fraction into its simplest form, generate sets of EF, and determine fraction 
equivalence. Furthermore, Chan et al. (2017) summarized previous studies on students’ 
conceptual deficiencies in fractions: a fraction is conceptualized as a quantity, the 
understanding of equal parts, identify a unit or whole, simplify fractions and represent 
EF, and representations model distraction.  
 Ni (2001) argued that students’ conception of EF depends on the sub-construct of 
fractions involved in the learning process. For example, the part-whole construct about 
area and length embodiments is easier because students can perceive the equivalence of 
two fractions in their areas and length embodiments. Meanwhile, when using part-whole 
to explain EF, students have trouble in understanding the set models. As English and 
Halford (1995) claimed, the equivalence of fractions represented in set embodiments 
was not suitable for students to learn EF because set embodiments are discrete.  
 From the perspective of cognition, Piaget (1983/1987) claimed that the 




and the conservation of parts and the whole. Kamii and Clark (1995) said that EF also 
involves hierarchical and simultaneous thinking. Specifically, when understanding the 
rule of EF, students must understand the multiplicative relationship in terms of two 
aspects: numerators and denominators from different fractions and the numerator and 
denominator from a single fraction (Moss, 2005). Ding, Li, Capraro and Klum (2012) 
explained students’ misconception of EF. That is, some students’ conceptions of EF are 
at the participatory stage because they cannot understand why fractions are equivalent in 
the different concrete contexts where they learn EF.   
4.2.6. Background Information on the Educational System in the US and in China 
 This study aims to examine US and Chinese teachers’ knowledge of EF. 
Therefore, it is necessary to describe the differences between the US and Chinese 
educational systems.  
 First, China has a center-educational system with three different stage levels for 
first through twelfth grades. Generally, the elementary stage includes first through sixth 
grades; the low-secondary school stage includes seventh through ninth grades, and the 
high-secondary school stage includes tenth through twelfth grades. However, in 
Shanghai, the elementary stage includes first through fifth grades, the low-secondary 
school stage includes sixth through ninth grades, and the high-secondary school stage 
includes tenth through twelfth grades.  
 In general, when students go to high school (or other stages), they stay in the 
same class with their classmates for three years from tenth grade to twelfth grade. 




years. Most importantly, this teacher must teach all mathematics subjects in the high 
school stage. In China, mathematics is one subject, and teachers must teach all sub-
mathematics subjects, such as algebra I, algebra II, geometry, analytic geometry, 
calculus, pre-calculus, statistics, and probability. In specific situations, the mathematics 
teacher may be replaced by colleagues. This can happen if the teacher is sick, or if a 
student’s parents complain, and student achievement is poor. Therefore, the Chinese 
educational system has many more opportunities for teachers and students to get to know 
each other in three or more years. In addition, all students in a province (state) use a 
textbook published by a local education press. All teachers use the same textbook and a 
teacher version of the textbook. Teachers must complete the teaching of all content 
required by curriculum standards.  
 On the other hand, the US has a decentralized educational system. First, there are 
different classifications of grade level stages. For example, in Texas, the elementary 
stage includes kindergarten to fifth grade; low-secondary school includes sixth through 
eighth grades; high-secondary school includes ninth through twelfth grades (TEKS, 
2012). Additionally, each state has its own curriculum standard. There is no unified 
textbook for all students and teachers. That is, US teachers have more freedom in 
selecting their teaching materials according to the curriculum standard. Furthermore, 
teachers can make decisions about teaching content according to their students’ real 
situations. For example, some teachers do not use textbooks in teaching. In that case, 




teachers. Additionally, most districts have guidelines/scopes and sequences, as teachers 
do not have full autonomy in teaching.  
4.3. Method 
4.3.1. Participants 
 This study includes 10 Chinese mathematics teachers and 10 US mathematics 
teachers. The Chinese teachers were selected from Shanghai. Half of them taught at the 
low-secondary level, while the other half taught at the elementary level. The 10 Chinese 
teachers were recommended by my former colleagues. The 10 US teachers were 
recruited from Texas through an email. Four of them taught at the low-secondary level 
and others taught at the elementary level. In this study, I targeted experienced teachers; 
therefore, all mathematics teachers must have over three years of teaching experience 
and have experience teaching EF. 
 Table 4.1 shows the teachers’ background information. Both samples had similar 
proportions of male and female teachers. All the teachers had over three years of 
teaching experience; 70% of the selected US teachers and 80% of the selected Chinese 
teachers had over 10 years of teaching experience. This is intentional in our sampling 
because this study wanted to include teachers who specialized in the elementary and 
low-secondary levels separately, as our study topic is EF. In Shanghai, only fourth 
graders and sixth graders learn EF. However, in the US, those who learn EF are 
generally from third to seventh grades. Therefore, in the participants, 40% of US 
teachers are from low-secondary school, while 60% of US teachers are from the 




Table 4.1 Background Information About US and Chinese Mathematics Teachers. 














1 M 16  16 5 2-5 G Elementary 
2 F 10  10 3 1-5G Elementary 
3 F 13  6 4 1-5 G Elementary 
4 F 12 6 4 1-5 G Elementary 
5 M 15 10 5 2-6 G Elementary 
6 F 19 4 9 6-9 G Low-secondary 
7 F 13 4 6 6-9 G Low-secondary 
8 F 6 2 7 6-9 G Low-secondary 
9 F 11 3 6 6-9 G Low-secondary 
10 F 7 1 9 6-9 G Low-secondary 




11 F 20 16 7 6-7-12 G Low-secondary 
12 F 15 4 7 6-7 G Low-secondary 
13 F 13 11 6 3-4, 6 G Low-secondary 
14 F 4 4 7 7 G Low-secondary 
15 F 5 3 5 5 G Elementary 
16 F 7 7 5 5 G Elementary 
17 F 15 7 4 K-4 G Elementary 
18 F 11 11 4 3-4 G Elementary 
19 F 15 10 N/A Coach-K-6 Elementary 
20 M 12 7 5 3-5 G  Elementary  
 
Note. C = Country, G = Gender, Fraction teaching = Years of fraction teaching experience.  
 
 The significant difference between the two groups was that 80% of US teachers 
only had teaching experience at only two grade levels, while, on the other hand, each 
elementary Chinese teacher had taught from second through fifth grades (almost all 
grade levels). All Chinese low-secondary school teachers had taught all low-secondary 
grade levels.  
4.3.2. Interview Tasks 
4.3.2.1. Instruction of Interview Tasks.  
 According to the conceptual framework for instructional coherence, I designed 




of two aspects: instructional coherence with a grade and instructional coherence across 
grades. For instructional coherence with a grade, the first three interview tasks were 
developed based on relevant literature (see Table 4.2). The three interview tasks match 
the three main aspects of EF instruction: prior knowledge of EF, teaching EF, and 
teaching expectations.  
 
Table 4.2 The Instruction of Interview Tasks. 





      
1 
1. According to your teaching 
experience, what kind of knowledge 
do your students need to know before 
they learn equivalent fractions? 
Examine teachers’ 
understanding of the 
prior knowledge of EF 











2. In your teaching, how do you 
interpret the meaning of 2/3 = 4/6 to 
your students? Can you interpret 2/3 





3. What are your teaching 
expectations on the topic of 
equivalent fractions in your teaching?  
Examine teachers’ 
teaching objectives.  
 
 
      
2 
4. What are the similarities and 
differences in teaching equivalent 
fractions between the different grade 
levels? Please provide your 
explanation as to why. 
Examine the coherence 
of teachers’ knowledge 







 In the first interview task, teachers were asked, “According to your teaching 
experience, what kind of knowledge do your students need to know before they learn 
equivalent fractions?” Then teachers were asked to respond to the second interview task: 
“In your teaching, how do you interpret the meaning of 2/3 = 4/6 to your students? Can 




teaching expectations on the topic of equivalent fractions in your teaching?” The three 
interview tasks are to answer the first research question: “What are the similarities and 
differences between the selected US and Chinese teachers’ knowledge of EF teaching in 
the elementary stage?” Through the responses to the three interview tasks, I can evaluate 
teachers’ general knowledge for teaching EF. 
 For instructional coherence across grades, I created one interview task: “Could 
you share your opinions about the similarities and differences in teaching EF in different 
grades?” This interview task is to answer the second research question, “Examine 
teachers’ mathematical knowledge for teaching EF across grades.” The last interview 
task is to answer the second question: “What are the similarities and differences between 
the selected US and Chinese teachers’ knowledge of the differences of EF teaching in 
elementary and middle school?” 
4.3.2.2. The Translation of Interview Tasks 
 Two people who are literate in both Chinese and English double-checked the 
translations of the interview questions. The first person translated the original questions 
from English to Chinese. The second person then translated them back into English. I 
compared their equivalence and consistency. The Chinese version was reviewed by two 
Chinese mathematics teachers. The English version was reviewed by two US professors 
in mathematics education in my department. The final version of the interview questions 






4.3.3. Data Collection and Analysis 
 The interview tasks underwent multiple phases of revisions and were piloted by 
two volunteers who were interviewed to check for possible misunderstandings. Once the 
revisions were made, the final version of the tasks was emailed to potential in-service 
teachers.  
4.3.3.1. Recruitment 
 I asked my Chinese former colleagues to recruit mathematics teachers in China. 
Meanwhile, to recruit US mathematics teachers, I emailed recruitment letters to US 
mathematics teachers through the websites of College Station and Bryan, Katy 
Independent School District in Texas. An email including recruitment information (an 
interview outline and an informed content document) was sent to my former Chinese 
colleagues and some professors. The volunteer’s contact information (i.e., email address, 
social media, QQ or WeChat) was emailed to us. Once volunteers were selected, 
interviews were scheduled at mutually convenient times and took place via audio 
interview. I also used the snowball method to recruit mathematics teachers. I asked 
interested volunteers to help me recruit additional volunteers until the total number of 
teachers satisfied the study requirements. 
 Each interview was conducted either face-to-face or via online video. Before the 
interview, the interviewers answered any questions that the mathematics teachers might 
have had and also explained how the teachers would benefit from spending extra time 
answering the interview questions. I also asked for the teachers’ consent to use the 




by interviewing one participant at a time. Participants received the e-version interview 
outline before the interview so that they would have enough time to think about the 
questions. Interviewers asked the volunteers these questions and probed them to 
elaborate on their answers. When they got stuck, I asked follow-up questions or 
modified the questions to lead them to answer. All interviews were recorded by voice 
recording equipment to help the researcher understand and explore these mathematics 
teachers’ understanding of EF.  
4.3.3.2. Data Collection 
 The data comes from voluntary online videotaped interviews. The interviews 
have been transcribed for analysis. I transcribed all the audio files into one “restored 
view” file with the help of transcription software. Specifically, I started by analyzing the 
interview data from each question to compare American and Chinese mathematics 
teachers’ answers and explanations for the same questions. This involved listening to the 
audio with the transcript and stepping through the mathematics teachers’ answers line-
by-line to interpret their reasoning and explanations. Additionally, I wrote analytic 
memos to describe segments of the audio and the transcript, as well as looked for 
differences that suggested variations in the understanding of curriculum coherence. 
Finally, I examined similarities and differences that may have indicated whether 
teachers’ realizations about EF were multi-faceted and coherent. 
4.3.3.3. Data Coding 
 I analyzed the teachers’ responses to each question using a constant comparison 




on each teacher’s responses. For example, when coding the response from Chinese 
teacher number 1 (CH1) to Q1 regarding prior knowledge before students learn EF, I 
obtained codes of participants’ responses, such as “What do the numerator and 
denominator mean?”, “Have an understanding of the relationship from part to whole.” 
“What is a fraction?”, and “Multiplication and division.” When coding another teacher’s 
response, I added new codes if the existing codes were not included (see Table 4.3). 
 
Table 4.3 A Coding Example. 
Response Procedure 
They have to really understand, there are the part-whole relationship, 
what the numerator represents, what the denominator represents, because 
that’s the help. You know the idea especially when they first started 
again, look at models, and they’re going to see how they can visually see 
that as the same amount shaded. And then you will talk about how the 
parts are different. When you have more parts, and there would be more 
of them shaded, for that to stay the same. And they have to have 
multiplication skills, but that’s not, we have difficulty for them. But 






Part-whole relationship; what the numerator represents; what the 
denominator represents, multiplication skills; look at models; visually 
see the same amount shaded; how the parts are different. 
Highlight 
words 
Take the highlighted word out and add them to a table and label with 
either Ch 1 or US1 (see Table 4.4). 
Coding 
Third grade, they may have looked at two pictures, your models, and 
recognized that they were equivalent but they are not asked to generate 
equivalent fractions until fourth grade (When US3 talked about her 
experience with fractions).  
We started very elementary. It’s a bit. In fourth grade we really start with 










 During the process of coding each individual question, I triangulated the 
teachers’ responses across questions. For example, when US3 answered the question 
about the teaching expectations regarding EF, she mentioned that students must know 
fractions by visually seeing the models. Also, when US3 answered the question about 
teaching expectations regarding EF, she mentioned, “Third grade, they may have looked 
at two pictures, your models, and recognized that they were equivalent, but they are not 
asked to generate equivalent fractions until fourth grade.” She said that third graders 
should know how to label a fraction based on a given picture. That is, third graders must 
know what a numerator and a denominator are. Similarly, when US3 answered the last 
interview task regarding the differences in teaching EF among different grades, she 
stated, “We start with the model, and we want them to see it, that’s really more to see, 
the stage of what we’re doing, exercise, foundation” (see Table 4.3). Consistencies and 
inconsistencies within teachers’ responses were recorded. Almost all the teachers’ 
responses were consistent. 
 After developing the codes, I combined similar codes and sorted the combined 
codes into several categories, such as the understanding of EF, the application of EF, and 
concrete, pictorial, and abstract representations. After analyzing the responses of the 
teachers in each country, I compared US and Chinese teachers’ responses and identified 
the commonalities and differences. In addition, I analyzed the differences in elementary 




 To ensure reliability, two months after my first coding, I reviewed the complete 
data set again using similar procedures. The codes achieved an agreement of 87%. The 
disagreements were resolved through discussion with other researchers.  
4.4. Results 
 I present the findings on teachers’ responses to the interview tasks in terms of 
two research questions: similarities and differences in US and Chinese
9
 teachers’ 
understanding of EF within and across grades. 
4.4.1. Similarities and Differences in Teachers’ Knowledge of EF Teaching  
4.4.1.1. Prior Knowledge of EF  
 The question is intended to examine teachers’ knowledge about the instruction of 
EF. Generally, teachers must have prior knowledge of a topic that students learn so that 
they can design an appropriate lesson plan for this topic. Then students can easily learn 
the topic by connecting it to their prior knowledge. When students cannot connect prior 
knowledge and a new topic, they might become confused about the topic and not deeply 
understand the topic’s content. In the following, I summarize the findings related to the 
differences between US and Chinese teachers’ understandings of prior knowledge of EF 
in terms of the elementary and low-secondary stages.  
4.4.1.1.1. US and Chinese Elementary Teachers 
 Four Chinese elementary teachers mentioned that students’ prior knowledge 
included the meaning of fractions (CH 2, 3, 4, and 5). The four teachers used few words 
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to summarize the prior knowledge of EF and did not provide an additional explanation, 
such as what the numerator and denominator represent and what the parts and whole are 
(see Table 4.4). Only one Chinese teacher (CH1) said, “Students need to label fractions 
on a number line, identify fractions based on pictures, and use fractions to represent 
quantities in real life.” 
 
Table 4.4 Elementary Math Teachers’ Responses to Prior Knowledge of EF. 
Prior knowledge Chinese US 
A fraction is a part of a whole 5 5,9,10 
What is a fraction  6,7,8,10 
The meaning/concept of fractions 2,3,4,5  
Know fractions in terms of pictures or manipulatives 1,4 6,7,8,10 
More parts than it takes to make a whole the smaller the pieces  5, 
What equivalence mean  6 
Draw, label, explain fractions 1 7 
The whole has to be the same  7,8 
What is the whole  9 
Less than one or greater than one  8 
  
 All US elementary teachers not only mentioned what a fraction is (US6, 7, 8, and 
10) but also mentioned more detailed information about the concept of fractions such as 
“a fraction is a part of a whole” (US5, 9, and 10) and “students need to know fractions in 
terms of area models, manipulatives, and number lines” (US6, 7, 8, and 10).  To be 
specific, US8 said, “They would need a basic understanding of ‘greater than,’ ‘less than.’ 
They need to understand, what a fraction is, what it represents, and it would be important 
that they understand how to locate fractions on a number line in third grade.” 
 In addition, US elementary teachers mentioned other knowledge that Chinese 




know equivalence. US5 claimed that students must know the idea of “taking more parts 
to make a whole and proportional the smaller the piece is.” 
 Finally, a US teacher stated that the content of EF is involved in the range of the 
topic of comparison. The Chinese teachers thought that the learning of EF is one means 
of reviewing and applying fractions in terms of different models: the area model, length 
model, set model, and number lines (CH1 and 4).  US8 claimed that students had to 
know the ideas of less than or greater than one and the idea of the whole has to be the 
same: “They need to know ‘greater than,’ ‘less than,’ ‘a whole number,’ they would 
need to understand, because if I start talking about comparing fractions, because in order 
for them to be equivalent. I need to be able to compare them.”  
4.4.1.1.2. US and Chinese Low-Secondary Teachers  
 All Chinese low-secondary teachers stated that they did not know elementary 
mathematics (see Table 4.5). Four of them mentioned that students must know the 
meaning of fractions (CH6, 7, 9, and 10). For example, CH9 said, “I really do not know 
elementary mathematics. I thought students need to know the quotient property of 
invariant
10
 and the definition of fractions.” Actually, Chinese low-secondary teachers 
tend to use more abstract symbols to teach mathematical content. This behavior might be 
due to Chinese teachers’ teaching styles and low-secondary school mathematics content. 
Students will learn algebra and geometry; then they must use more mathematical 
reasoning instead of multiple representations. All Chinese low-secondary teachers 
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mentioned that students must know the quotient property of invariant and fractions as 
divisions before they learn the rule of EF in sixth grade. Additionally, one teacher said 
students must know fractions as numbers (CH7). Finally, two Chinese low-secondary 
teachers said that students must know how to label fractions on a number line (CH8 and 
10).  
 
Table 4.5 Low-Secondary Math Teachers’ Responses to Prior Knowledge on EF. 
Prior knowledge Chinese US 
What do numerator and denominator mean  1,2,3 
Parts and whole 6 1, 2,3,4 
The definition/concept of fractions 9,10 2,4  
The meaning of fractions 6,7  
Fractions as quantities 7  
The property of equality 8  
Multiplication skills  3,4  
Less than one or greater than one, mixed numbers  2 
Know fractions in terms of pictures or manipulatives 8,10  1,2,3,4 
I never taught elementary math; I did not know exactly 6,7,8,9,10 1,2,4 
  
 However, all US low-secondary school teachers said that students must know the 
meaning of fractions and know fractions in terms of different representations (US1, 2, 3, 
and 4). For instance, US3 said,  
They have to really understand the part-whole relationship, what the numerator and 
denominator represent because that’s the idea especially when they first start to look 
at models. And they’re going to see how they can visually see that as the same 
amount shaded, and then you will talk about how the parts are different. When you 
have more parts and there would be more of them shaded for that to stay the same. 
Furthermore, two US low-secondary teachers (US3 and 4) claimed that basic 




“They need to know the concept of part to whole, what fractions are. They need to know 
multiplication and division and have some experience with fractions in terms of either 
pictures or manipulative, at the end of early grade levels.” One US low-secondary 
teacher implied that students must know “less than one or greater than one” before they 
learn EF (US2). 
 Three low-secondary teachers (US1, 2, and 3) emphasized that students must 
know what the numerator and denominator represent. Low-secondary teachers may have 
thought that concrete representations were necessary for students to learn mathematics. 
For example, a seventh-grade teacher (US2) said, “I tend to go with a geometric model 
more than a number line model. I know that they are supposed to get in both ways: 
circles, rectangles, as opposed to the number line. Place it somewhere on the number 
line.” US2 also explained the reasons for using representations: “I think if they have the 
connection between what’s going on in an area model, then making the connection to 
EF, is easier than if they’re just doing abstract like with manipulating the symbols.” 
 In general, all Chinese elementary teachers stated that the meaning/concept of 
fractions is the prior knowledge of EF, but they did not further explain what the concept 
of fractions is. Meanwhile, US elementary teachers explained the prior knowledge in 
more detail. US elementary teachers further emphasized the application of 
representations to understand EF.  
 All Chinese low-secondary teachers had not taught elementary mathematics, 
while one in four US low-secondary teachers had teaching experience in elementary 




representations and explained prior knowledge in more detail, while Chinese low-
secondary teachers explained prior knowledge in abstract expressions, such as the 
concept of fractions, the meaning of fractions, and the definition of fractions.  
4.4.1.2. Responses to Teaching Expectations of EF 
 Different grade levels have various requirements for students in terms of EF. 
Both US and Chinese teachers discussed teaching expectations at the understanding and 
application levels. Based on teachers’ responses, I classified them into two sub-
categories: understanding and application levels. Understanding level refers to 
comprehending EF in terms of the rule, format, and conception. Application level refers 
to applying the rule and understanding of fractions to generate EF.  
4.4.1.2.1. US and Chinese Elementary Teachers  
 All Chinese elementary mathematics teachers expected students to be able to not 
only identity EF by pictures but also use the rule of EF to find EF (see Table 4.6). For 
example, CH5 said,  
We always use pictures to explain why two fractions are equal. It is impossible for 
students to understand EF based on mathematics logical reasoning. Maybe for some 
high-level students, you can introduce the rule of EF. It means that you introduce 
the topic from sixth grade in advance. That is, the value of the fraction is the same 
when the numerator and denominator of the fraction are multiplied/divided by a 
number. This is only one requirement for high-level students. Most of the students 
can understand EF by pictures. I only expect each student to be able to master and 
identify which fractions are equal based on pictures. That’s all. 
 Specifically, all Chinese elementary mathematics teachers design an in-class 




is often used in the instruction about the rule of EF in sixth grade (low-secondary 
school), it is also used in the elementary stage in China. For example, CH2 said, “I ask 
students to find the pattern when using models to find EF. Students can find that the 
numerator and denominator of a fraction are multiplied and divided by a number; the 
new fraction is equal to the original one.” However, Chinese elementary teachers 
expected their students only to be able to use the rule (as a skill) to generate EF rather 
than to understand the rule of EF. 
 
Table 4.6 Elementary Math Teachers’ Teaching Expectations.  











 The rule of finding EF 1,2,3,4,5 6,8,9,10 
The definition of fractions 1,2  
Different-format fractions can be equal 2,4,5  









 Compare unlike fractions 1,2 7 
Find and explain fractions by drawing/reading pictures 1,2,3,4,5 5,6,7,9,10 
Cancel, reduction, simplifying   5,8,9,10 
Solve real problems  7,8 
Generate EF  6,8 
 
 Five US elementary mathematics teachers (US5, 6, 7, 9, and 10) expected 
students to be able to understand EF by pictures. Four of six US elementary teachers also 
emphasized the application of the rule of EF in the elementary stage (US6, 8, 9, and 10). 
However, the expectations in different grade levels are different and overlap in third 
grade to seventh grade.  
 Based on the Curriculum Standard (Texas Essential Knowledge and Skills), third 




generate EF by using the rule of EF and simplifying fractions. A fourth-grade teacher 
(US7) said,  
In third grade they’re going to be doing it with models. They’re given the models, 
maybe a fraction wall or are diagrams of pictures, so they are really just matching 
the EF with a visual. But in fourth grade, they may or may not have a visual, so they 
have to have a deeper understanding of it...; they need to be able to do that without 
the model and could be able to prove it mathematically basically. 
However, a fifth-grade teacher (US6) also taught the topic of EF in a series of lessons. 
First, she used manipulatives and modeling. Then she taught the rule of EF. Finally, she 
expected students to be able to solve word problems. Another fifth-grade teacher (US5) 
claimed that students must be able to add and subtract fractions of unlike denominators 
and to simplify fractions. US5 said,  
The fifth graders have to be able to add and subtract fractions with unlike 
denominators, so after they go through the process of first finding an equivalent 
fraction with the common denominator; then they have to be able to solve it. And 
then they have to be able to simplify it, so they have to find another equivalent 
fraction that’s more simplified, so it’s a very long process of getting them to 
understand both. 
4.4.1.2.2. US and Chinese Low-Secondary Teachers 
 All Chinese low-secondary school mathematics teachers emphasized the 
application of EF. They thought the generation of EF is a necessary step for students to 
calculate fractions, such as canceling, reducing, simplifying, and the four operations of 
fractions (see Table 4.7). As CH6 said, “After learning the basic property of fractions 




fractions) and reduction of fractions into a common denominator. The purpose of 
reduction is to add and subtract fractions.” 
 For US low-secondary mathematics, seventh graders must learn a topic on ratio 
and proportion that is close to EF. They must apply the rule of EF to solve problems, 
including ratio and proportion. Based on the US low-secondary teachers’ responses, they 
all expected their students to be able to apply the rule to find or generate EF. For 
example, a seventh-grade mathematics teacher (US4) said, “We are reviewing EF but we 
don’t teach it. We just have a review at the beginning of the year. We use them 
throughout the year. ... Briefly, we spend a little time on the modeling.”  
 
Table 4.7 Low-Secondary Math Teachers’ Teaching Expectations.  










 The rule of finding EF  1,3,4 
Two directions of EF 
6  









 Compare unlike fractions 10  
Explain fractions by drawing/reading pictures  4 
Cancel, reduction, and simplifying 6,7,8,9,10 1,3 
Four operations of fractions 6,9,10  
Solve real problems 6 2 
Generate EF 7,9 1,2,3 
 
 Additionally, US1 and US3 expect their students to be able to simplify fractions. 
For example, a seventh-grade teacher (US1) stated, “I’m expecting them to have learned 
it in the fourth, fifth, or sixth grade when they come to me. We’re doing things with EF. 




Another sixth-grade teacher (US2) stated that she hoped students could use the rule of 
EF to solve real problems.  
 In general, both US and Chinese elementary teachers expected students to not 
only understand and identify EF by drawing/reading pictures but also to generate EF by 
using the rule of EF. These expectations align with the requirements of the curriculum 
standards (see Table 4.7). Four of the six US elementary teachers also expect their 
students to be able to simplify fractions, like canceling and reducing fractions, while 
none of the Chinese elementary teachers mentioned this aspect. Additionally, Chinese 
elementary teachers emphasized that students must understand EF in terms of different 
formats and representations of fractions, while none of the US elementary teachers stated 
that aspect.  
 The student level expected by Chinese low-secondary teachers is a little more 
advanced than that of US low-secondary teachers. Chinese low-secondary teachers 
expect students to be able to apply the rule of EF to calculate the four operations of 
fractions by simplifying fractions and using reduction of fractions, while US low-
secondary teachers expect students to be able to generate EF to a far greater extent. Both 
US and Chinese low-secondary teachers’ expectations align with the requirements of the 
curriculum standards (see Table 4.8). 
 Finally, there are clear teaching expectations in the different stages in China, 
while US teachers’ teaching expectations are more intricate. Third-grade through 
seventh-grade teachers taught the topic of EF, and their expectations are slightly 




grade teacher (US2) said, “That’s why I spend the time with the kids who come to me 
and can’t do it; we go back and draw pictures, and we model it.” 
Table 4.8 The Requirements of Curriculum Standards on EF. 
Curriculum standard G3 G4 G6 
Represent EF with denominators of 2, 3, 4, 6, and 8 using a 
variety of objects and pictorial models, including number lines 
US   
Explain that two fractions are equivalent if and only if they are 
both represented by the same point on the number line or 
represent the same portion of a same-size whole for an area model 
US   





Compare two fractions with different numerators and different 
denominators and represent the comparison using the symbols >, 
=, or < 
 US  
Generate equivalent forms of fractions, decimals, and percents 




Use EF, decimals, and percents to show equal parts of the same 
whole (Proportionality) 
  US 
 
Preliminary know EF by observing pictures  CH  




Understand the rule of EF by understanding the relationship 
between fractions and division and the principle of division 
 [a ÷ b= (a × k) ÷(b× k)=(a ÷n) ÷(b ÷n), (b≠0,k≠0, n≠0)] 
  CH 
Express a fraction in its simplest form by using the rule of EF 
  
CH 
Understand the concept of a fraction in its simplest form   CH 




Note. G = Grade; US = United States; CH = Chinese.   
 
4.4.1.3. Teachers’ Explanations About EF  
 The explanations of EF vary based on the five different interpretations of 




and EF (area, length, and set model). Teachers can use the measurement model (number 
line) to explain EF in fourth grade. Teachers can also use fractions as division and 
fraction as ratios to explain EF at the high grade levels. I show the findings in terms of 
the elementary and low-secondary stages as follows.  
4.4.1.3.1. US and Chinese Elementary Teachers  
 All Chinese elementary teachers employed different models (area, linear, and 
discrete) to explain EF. Three of them also used the interpretation of fractions as 
quotients to explain them. However, two Chinese elementary teachers mentioned the 
part-whole relationship (see Table 4.9).    
 
Table 4.9 Elementary Math Teachers’ Explanations of EF. 
Explanation Chinese US 
Concrete 
 
Manipulatives  6,7,9,10 
Real problems   
    
Pictorial 
 
Draw pictures   
Area model 1,2,3,4,5 5,6,7,8,9,10 
Linear model 1,2.3,4,5 8,10 
Discrete model 1,3,4,5  
    
Abstract The rule  5,7,8,9 
    
Fraction 
Schemes 
Part-whole   
Quotient  2,3,4  
Proportion /ratio   
 
 All elementary Chinese teachers claimed that the three main types of models 
(area, linear, discrete) could be used to explain EF. Meanwhile, three of them (CH2, 3, 
and 4) mentioned that they could also use decimals to explain that the values of the two 




learn the rule of EF and fractions as division. For example, CH2 mentioned that she 
could use fraction circles and fraction walls to explain the equivalent. She also said, “We 
can use decimals to explain EF for high-grade-level students. Our elementary students 
did not learn fractions as division. After they learn fractions as division, we can use the 
values of the fractions to explain that.”  
 
 
Figure 4.1 Explanation for “2/3 =4/6” (from US10). 
 
 All of the elementary US teachers in the interview process emphasized using 
concrete models (manipulatives and area models) to explain that two fractions are equal. 
For example, US7 stated, “I would say it is more concrete; we do a lot of hands-on and 
we do work with a fractions bar and a circle. We start out by looking at what is a fraction 
and what’s not a fraction?” Also, four elementary US teachers (US6, 7, 9, and 10) 




said, “I’m just an advocate for manipulatives, in visuals and hands on learning. I mean, I 
do that with everything.” US10 used Figure 4.1 to show his preference.  
 Additionally, four elementary US teachers (US5, 7, 8, and 9) used the rule of EF 
to explain that the two fractions are equivalent. For example, US5 stated, “We tried to 
keep it very concrete at this point, but some students do really grasp it very quickly. So, I 
can tell them if you multiply 2/3 by two halves, because two halves are one, and get 
4/6.” 
 
Table 4.10 Low-Secondary Math Teachers’ Explanations of EF. 
Explanation Chinese US 
Concrete 
 
Manipulatives  2,3 




Draw pictures 6,9,10  
Area model 7,8 1,2,3,4 
Linear model   
Discrete model 8  
 




Part-whole   
Quotient  6,7,8,9,10 1,4 
Proportion/ratio  1 
 
4.4.1.3.2. US and Chinese Low-Secondary Teachers  
 All Chinese low-secondary teachers stated that they can use the invariant 
property of quotients and fractions as division to explain EF. Meanwhile, these teachers 
also mentioned that they used models to help students understand “2/3=4/6.” However, 
Chinese teachers use general words such as “pictures” and “shapes,” rather than the 




drawing pictures, a rectangle or a circle to represent 2/3 and 4/6. There is an introduction 
to pictures in our textbook. The introduction uses pictures to explain EF.”  
 Most importantly, three Chinese low-secondary teachers (CH6, 8 and 9) claimed 
that their students have no difficulty understanding the rule of EF. CH9 stated, “Our 
sixth graders naturally understand the transformation from the quotient property of in-
variety to the rule of EF, because it is consistent with their recognition ... Students can 
easily find the results of 2÷3 and 4÷6 are the same.”  
 All US low-secondary teachers mentioned only that they used area models to 
explain 2/3=4/6. US1 and US4 mentioned using the rule of EF to explain that the two 
fractions are equivalent and claimed to use concrete models to show the equivalence. For 
example, US4 said, “I would show multiplication, multiply the numerator and 
denominator of 2/3, by two to get 4/6. I can also interpret it with a model. For example, a 
bar, a rectangle, 2/3, and the equivalent 4/6 bar. And interpret it.” 
 In addition, only US3 suggested that different approaches can be introduced and 
used based on students’ grade levels. She explained, “Depending on the grade level like 
in fourth grade, when this is more of an introductory skill, we will actually take a piece 
of paper and fold it and like a nail shade a part of it.” Moreover, US1 mentioned the 
relationship between EF and proportion: “We solve proportion as a huge thing in seventh 
grade. We set up the definition of proportion, which is the ratio. They are equal. So, you 
can see if they’re equal, by seeing, divide out to the same number.”   
 In general, Chinese elementary teachers preferred to use pictorial representations 




area models, manipulatives of EF, and the rule of EF. Furthermore, Chinese elementary 
teachers realized that fractions as division are an advanced way of explaining EF for 
higher grade, while no US elementary teacher mentioned the use of fractions as division.  
 Chinese low-secondary teachers preferred to use the rule of EF and fractions as 
division when compared to the use of pictorial models to explain EF. However, US low-
secondary teachers tend to use area models to explain EF rather than the rule of EF and 
fractions as division. All US teachers emphasize the employment of concrete 
representation in teaching, which might be related to curriculum standards. As TEKS 
stated, “Represent equivalent fractions with denominators of 2, 3, 4, 6, and 8 using a 
variety of objects and pictorial models, including number lines;” “determine if two given 
fractions are equivalent using a variety of methods.”  
4.4.2. Differences in US and Chinese Teachers’ Knowledge for Teaching Across 
Grades 
 Based on the sequence of content about EF in different grade levels across 
countries, teachers should prepare differently when teaching EF. Therefore, I first 
summarized US and Chinese teachers’ responses to the fourth interview question. I then 
compared the differences in elementary and low-secondary teachers’ understandings of 
EF between the United States and China in terms of the four interview questions.   
4.4.2.1. Differences in Teaching EF Across Grades 
4.4.2.1.1. US and Chinese Elementary Teachers 
 Three Chinese elementary teachers mentioned the use of representations with 




difference in the emphasis on interpretation of fractions (see Table 4.11). For example, 
CH3 stated, “Fourth graders learn EF by understanding the part-whole relationship, 
while sixth graders learn it by understanding the numerical values of EF: fractions as 
quotient. We transform fractions into decimals and help students understand that the 
fractions are equal.”  
 
Table 4.11 Elementary Math Teachers’ Perceptions of the Differences in Teaching 
Styles Across Grades.  
















The degree of understanding of EF   
Low Understand and identify EF 1  
Understand the rule of EF  7 
Use pictures to show EF 1,3,5  
High Application of EF 5  
Addition and subtraction of fractions  10 
Prove the rule of EF  7 
The amount of the denominators   8 
Low The denominators are limited   
High The denominators are unlimited   
 








Different emphasis on the interpretation of fractions 1,2,3,4  
Low Part-whole relationship   10 










     
The abstract degree of presentations  5,6,7,8, 
9,10 
Low More concrete   
High More and more abstract   
 
Note. Low means lower grade levels. High means higher grade levels. The numbers represent teachers. 
The table summarizes the differences in teaching styles between lower grade levels and higher grade 
levels.  
 
 Meanwhile, one Chinese elementary teacher (CH5) discussed differences based 




of EF in fourth grade is to better understand the meaning of fractions, rather than 
generate EF. In sixth grade, teachers more emphasize the interpretation of fractions: the 
perspective of the numerical value [fractions as numbers].” 
 Similarly, five US elementary teachers (US5, 6, 7, 8, and 9) stated that the 
employment of representations was different.  Lower-grade teachers should use more 
concrete representations while higher-grade teachers can employ more abstract 
representations. For example, US8 stated, “In third grade, there are many pictures for 
them. In fourth grade, there are pictures available, but it’s very abstract. They have to be 
able to understand.” Furthermore, she mentioned another difference: “In third grade, the 
denominators are limited. In fourth grade, the denominators are unlimited because there 
was so much pictorial in third grade. But in fourth grade, it isn’t.” 
 However, US7 mentioned the differences between the understanding and 
application of EF. She said that students must understand EF and improve this 
understanding of multiplying fractions by one to generate EF in fourth grade. Next, 
students must be able to generate EF and also must be able to prove the correctness of 
EF. 
 In general, Chinese elementary teachers emphasized the difference in 
interpretations of fractions, while US elementary teachers emphasized the differences 
between the uses of representations in different grade levels. Chinese elementary 
teachers cited the differences in teaching styles in different grades from the perspective 




elementary teachers highlighted the differences in explanations in terms of 
representations.  
4.4.2.1.2. US and Chinese Low-Secondary Teachers  
 Five Chinese low-secondary teachers said that the instructional differences in 
different grades were related to learning objectives, but they all mentioned the 
differences in the use of representations. They expected their students to be able to 
calculate fractions and solve real-word problems including fractions (see Table 4.12). 
For example, CH6 said, “I guess that elementary students use pictures to solve problems. 
For low-secondary students, they become more rational. They first learn to calculate the 
fractions, and then solve real problems including fractions.” 
 
Table 4.12 Low-secondary Math Teachers’ Perceptions of the Differences in 
Teaching Styles across Grades. 
















The degree of understanding of EF 
  
Low Understand and identify EF 9  
Use pictures to show EF 6,7,8 3 










     
The abstract degree of presentations 
 1,2,3,4 
Low More concrete 
  
High Increasingly abstract 
  
 
Note. Low means lower grade levels. High means higher grade levels. The numbers represent teachers. 
The table summarizes the differences in teaching styles between lower grade levels and higher grade 
levels. CH10 claimed there is no difference in elementary and sixth grade. She thought sixth grade is the 






 Meanwhile, CH6 also mentioned the difference in representations in teaching EF. 
She said, “More concrete representations are used in the elementary stage. Elementary 
students can touch fractions because fractions consisted of colorful shapes. In low-
secondary school, students are required to use reasoning. Teachers might not draw 
pictures, circles, and segments.” 
 Only CH10 believed that no significant instructional difference existed between 
fourth and sixth grades, but she noted a significant difference between sixth grade and 
seventh through ninth grades. She explained, “Sixth grade is more like the elementary 
stage; teachers need to teach mathematical knowledge in a more detailed approach to 
help students understand the content. In seventh-ninth grade, students need to practice 
more on mathematical thinking and reasoning.”  
 All US low-secondary teachers mentioned differences in using concrete and 
abstract representations in teaching (see Table 4.12). For example, a sixth-grade teacher 
(US3) said, “In fourth grade you rely much more heavily on pictorial models. So, the 
kids are looking and visually seeing the fractions. In sixth grade, I will bring those 
[pictorial model] out ... whatever the algorithm is, I prefer them to use.” 
 Similarly, only one US low-secondary teacher (US3) claimed that no significant 
difference existed in instructions in different grades. She said, “It’s all very similar. It 
just grows every year. I would say it just becomes a little more rigorous, a little more 
complicated, and, a little was even more relying on the lower grade levels. Every year, 




Fourth to fifth [grade], there should be a very straight connection between the grade 
levels.” 
4.4.2.2. Differences in Responses Between Elementary and Low-Secondary 
Teachers 
4.4.2.2.1. US Elementary and Low-Secondary Teachers  
 (1) Prior knowledge of EF. All US elementary and low-secondary teachers stated 
that the understanding of the concept of EF was based on the understanding of the 
concept of fractions. An understanding of EF can help students better understand the 
concept of fractions. US elementary teachers only used more detailed related words 
(e.g., What is a whole? The whole has to be the same; and What does equivalence 
mean?) to express their prior knowledge than did US low-secondary teachers. Also, US 
low-secondary teachers said that they did not have experience with elementary 
mathematics.  
 (2) Teaching expectations of EF. US elementary teachers’ expectations include 
obtaining an understanding of EF by drawing pictures, simplifying fractions, and 
applying EF, while low-secondary teachers mainly expect their students to be able to 
generate EF and simplify fractions by applying the rule of EF. 
 (3) Explanations of EF. All US teachers like to use area models, manipulatives, 
and the rule of EF to explain EF. Some US elementary teachers tend to use several 
models, while the US low-secondary teachers mentioned only area models. Additionally, 
some low-secondary teachers use fractions as division or proportion to explain EF while 




 (4) Differences in teaching EF across grades. Little significant difference in 
teaching styles exists between US elementary and low-secondary teachers. They all 
emphasized that the one difference in teaching is the use of presentations. With a rise in 
grade levels, teachers use more abstract representations in teaching. They did not 
mention the difference in the interpretations of fractions.  
4.4.2.2.2. Chinese Elementary and Low-Secondary Teachers.  
 (1) Prior knowledge of EF. There is no difference between elementary and low-
secondary Chinese teachers’ prior knowledge of EF. They all thought the concept of 
fractions was essential for students to learn EF. Also, all Chinese low-secondary teachers 
claimed that they had never taught elementary mathematics like their US counterparts, 
so they did not know exactly what kind of knowledge students acquire about EF in 
elementary school. All Chinese elementary teachers know that sixth graders in low-
secondary school would learn the rule of EF. Therefore, a gap exists in knowledge of 
content and students and horizon content knowledge between elementary and low-
secondary Chinese teachers. 
 (2) Teaching expectations of EF. There are clear teaching expectations at the 
different grade stages in China, which are aligned with the Chinese Curriculum Standard 
(see Table 4.7). Chinese elementary teachers expected students to be able to understand 
EF by drawing or reading pictures, while Chinese low-secondary teachers expected 
students to be able to skillfully apply the rule of EF to simplify fractions and calculate 
the addition and subtraction of fractions. Also, Chinese elementary teachers expected 




expectation is not necessary because the Chinese curriculum standard for third and 
fourth grades do not state this requirement (see Table 4.7). This finding shows that 
Chinese teachers required their students to learn more and practice more on EF 
compared to US elementary teachers. In other words, Chinese elementary teachers’ 
expectations are more advanced than the Chinese curriculum standard. 
 (3) Explanations of EF. Chinese elementary and low-secondary teachers used 
several models to explain EF. Although some Chinese elementary teachers mentioned 
that they could use the interpretation of fractions as division, they tend to use models to 
explain EF. Chinese low-secondary teachers emphasized the use of the rule and fractions 
as division to explain EF, although they could use pictures and word problems to explain 
EF. The explanations from Chinese teachers are consistent with their teaching 
expectations of EF.  
 (4) Differences in teaching styles across grades. Chinese elementary teachers 
claimed that there are two significant differences between low and high grade levels. 
The interpretation of the part-whole relationship is taught in the elementary stage while 
the interpretation of the values of fractions is taught in sixth grade. Furthermore, the 
teaching emphasized the use of pictures to show and explain EF at the elementary stage, 
while emphasizing the application of EF at the low-secondary stage. Chinese low-
secondary teachers stated that the differences focused on the understanding and 







 Mathematical knowledge for teaching a topic within a grade requires not only 
content knowledge but also pedagogical knowledge. However, for a topic covered across 
grades, teachers also must have coherent knowledge. In this study, I investigated US and 
Chinese teachers’ knowledge for teaching EF from the perspective of instructional 
coherence. This study does not judge teachers but aims to demonstrate the importance of 
instructional coherence, examine gaps in knowledge across grades, and explore the 
approach to bridge the gap. These findings are expected to create insights into 
mathematical knowledge for teaching EF (Ball et al., 2008) and ways in which this study 
can improve teachers’ mathematics knowledge for teaching this topic.  
 US and Chinese teachers all had a sound mathematical understanding of EF and 
recognized the variety and importance of representations and instructional coherence 
across grades. However, they lacked knowledge of the coherent instruction of EF, 
especially the coherence of the different representations and interpretations of EF within 
grades and across grades. The Chinese teachers emphasized the correct conceptual 
understanding of EF by relying on the development of procedures based on prior abstract 
mathematical knowledge. US teachers emphasized the use of a variety of representations 
to develop the concept of EF but often lacked the connection between manipulatives and 
abstract thinking. This finding aligns with the finding of An et al. (2004) and draws 
attention to the knowledge of instructional coherence when developing teachers’ 
mathematical knowledge for teaching. The following discussion focuses on two ideas: 




The discussion could help teachers implement the coherent mathematics instruction and 
promote a coherent development of students’ understanding of mathematical content. 
4.5.1. Coherence of Mathematical Pedagogy About Representations 
 Both US and Chinese teachers emphasized the importance of the concept of 
fractions in learning EF; they use multiple representations (various models) to explain 
the meaning of EF. This aligns with the statement from the National Council of Teachers 
of Mathematics (NCTM) (2000). NCTM (2000) emphasized the use of representations 
in teaching: “(a) create and use representations to organize, record, and communicate 
mathematical ideas; (b) select, apply, and translate among mathematical representations 
to solve problems; (c) use representations to model and interpret physical, social, and 
mathematical phenomena” (p. 76).  
Representations are reliable tools with which teachers can explain abstract 
knowledge. Teachers often utilize a specific context to introduce a concept when 
students might be challenged. To that end, teachers must build the relationship between 
abstract knowledge and the specific context. However, concrete specific contexts have 
limitations. As Fyfe, McNeil, Son, and Goldstone (2014) stated, it is likely that students’ 
knowledge would remain too tied to the concrete context and would not transfer to 
dissimilar situations. Concrete contexts limit students’ advancement unless connections 
are rebuilt between concrete contexts and abstract knowledge to allow for free 
movement between them. 
 Furthermore, representations not only are teaching tools for US teachers but also 




understanding of EF by using different models based on the interpretation of the part-
whole relationship. Although US teachers placed more emphasis on the application of 
representations, they often did not realize the importance of the concrete representation 
fading in teaching and the use of students’ prior abstract mathematical knowledge to 
solve new problems. These findings are consistent with those of other studies about US 
teachers’ teaching strategies (An et al., 2004; Cai, 2005; Ma, 2010). Several US teachers 
mentioned that they enjoy using manipulatives to help students understand mathematical 
concepts. Most importantly, without a solid knowledge of the representations, teachers 
cannot produce a conceptually correct representation even if they have a rich knowledge 
of students’ lives (Ma, 2010). Teachers should comprehend the differences between the 
use of the models (concrete, pictorial, abstract) to help students understand the concept 
of EF and the use of models to solve problems. Representations are the analogs that 
teachers use to explain the meaning of fractions to students (Ni, 2001). To better help 
students understand the meaning of fractions, teachers must explain the common 
properties between representations and fractions. US teachers hope to use models to help 
students understand the concept of fractions. In teaching, the models become an 
important component of learning goals for students. If teachers do not build a connection 
between the models and the abstract rule of EF, students might acquire a mistaken 
definition of fractions or EF and might only know how to solve problems with fractions 
only by using models. In fact, models and concrete contexts are only tools and 
representations that teachers can use to help students understand the abstract definition 




 To Chinese teachers, representations are teaching tools, not teaching goals. The 
purpose of the use of manipulatives is to help students understand the concept of EF 
rather than inform students of a method to generate EF. Conversely, US teachers might 
unconsciously emphasize the notion that the use of drawings and manipulatives should 
be regarded as a method of finding an EF. Chinese teachers regarded the manipulatives 
as a tool for teaching. The purpose of instruction is to help students understand 
mathematical content. Chinese teachers expected their students to use the rule of EF to 
generate EF. Furthermore, Chinese teachers realized that the role of the introduction of 
equivalent fraction in the lower grade level is to help students better understand the 
concept of fractions as a part-whole relation. They also knew that students will learn the 
generation of EF in the higher grade level by using the rule of EF.  
 When explaining EF teaching, Chinese teachers tended to connect the topic more 
to related conceptual topics (e.g., the meaning of fractions, simplifying fractions, and the 
addition-subtraction of unlike fractions) and be less to students’ lives. Also, Chinese 
teachers explained the rule of EF by reasoning, which reinforces student learning 
through the use of reasoning. Chinese teachers provided more related knowledge to 
support students’ learning of the rule of EF. This finding echoes the statement from Cai 
(2005): “Teachers may start with concrete representations or physical manipulatives to 
encourage students to use their own strategies for solving problems and making sense of 
mathematics. But the students’ further conceptual development requires that teachers 





 There are two ways of finding the rule of EF based on teachers’ explanations. 
One is the use of representations, while the other is the use of the prior knowledge of 
fractions as division and the invariance of quotients to derive the rule of EF. Chinese 
teachers introduced these two methods to instruction about the rule of EF and 
highlighted the reasoning of mathematical content. They expected students to understand 
the algorithms and apply them at a proficient level. In addition, Chinese teachers 
required that their students calculate addition and subtraction of unlike fractions not only 
correctly but also quickly by using the rule of EF. US teachers placed more emphasis on 
the requirement that students use the models to generate EF, which aligns with the 
findings from An et al. (2004). In other words, the use of representations becomes a 
learning goal in US classroom teaching. Previous studies showed the ineffectiveness of 
using concrete strategies to develop students’ mathematical thinking and substantive 
content knowledge (Cai & Hwang, 2002; Rosli, Goldsby, & Capraro, 2015). 
 Neither US nor Chinese teachers realized the differences and similarities between 
area/region/length/set models and number lines. Area/region/length/set models are often 
used to explain the interpretation of the part-whole relationship during the process of 
teaching the concept of fractions. Then students could develop a deep impression of 
fractions as a part-whole relationship. The number line model is also used to explain the 
second aspect of fractions based on measurement interpretation because fractions as 
numbers can be labeled at the number line. Therefore, the functions of the models are 




CCSSM in teaching fractions, the real function of the number line model is not described 
in CCSSM.  
 The finding of US and Chinese teachers’ different beliefs about the use of 
representations in teaching can contribute to our understanding of the differences 
between US and Chinese students’ mathematical thinking. Most importantly, the finding 
suggests the importance of teachers’ coherence of pedagogical knowledge on 
representations in teaching.  
4.5.2. Coherence of Mathematical Content 
 It is necessary for teachers to understand the five different interpretations of 
fractions in the instruction of EF across grades. The five interpretations of fractions 
include: part-whole, measurement, division, operator, and ratio. However, neither US 
teachers nor their Chinese counterparts recognized the importance of coherence and 
transformation among different interpretations.  
 Most Chinese teachers used at least one appropriate representation and also used 
mathematical reasoning to explain EF. They knew the part-whole and quotient 
interpretation and realized the two different interpretations had been introduced in 
different grades. US teachers did not explain EF from the perspective of reasoning and 
preferred to use models. However, US and Chinese teachers did not recognize the 
differences between the part-whole relationship and measurement interpretation of 
fractions. To be specific, the part-whole relationship is a way to explain the original 




is a way to explain fractions as numbers rather than fractions as a part-whole 
relationship.  
 The significant difference between these two interpretations of fractions 
corresponds to the double roles of fractions: fractions as relationships between the parts 
and a whole and fractions as numbers. The concrete models including area models, 
region models, length models, and set models, are often used to explain the part-whole 
relationship; however, number line models are often mistakenly placed into this 
category. In fact, number lines are used to explain the measurement interpretation of 
fractions. For example, a number line is similar to a ruler. Students must understand the 
concept of unit fractions; then they can understand general fractions.  
 However, the use of number lines might be at a higher grade level because 
students might not have strong knowledge about number lines. As Ni (2001) found, sixth 
graders performed best on area and line segment items, less efficiently on set items, and 
the poorest on number line items. Similarly, Clark and Kamii (1996) found that sixth 
graders performed better on equivalent fraction items by representing the part-whole 
relationship but performed poorly on those representing EF on number lines. Ni (2001) 
explained the reasons for this phenomenon: Sixth graders tended to treat the whole 
number line as a unit rather than a segment from 0 to 1.  
 From the perspective of coherent content, students can learn EF based on 
concrete models that they learned before. However, in the second stage, students must 
know fractions as division. They should then understand and use the rule of EF. The 




however, the emphasis of instruction is to help students apply the rule to solve problems, 
generate a common denominator for the addition and subtraction of unlike fractions, or 
to simplify a fraction in the lowest term. In the second stage, students must understand 
the relationship between fractions as division and the rule of EF. Therefore, teachers 
must realize the relationship between the fractions as division (a fraction is two numbers 
but placed in a special format as seen in Behr et al., 1984) and fractions as the 
relationship of part-whole. Then they can help students better understand fractions as 
numbers.  
4.6. Conclusion 
 In this study, I found that US and Chinese teachers did not pay sufficient 
attention to the instructional coherence of EF. Some US teachers mentioned that they 
taught only one grade level. This might be related to the features of the United States 
education system: teachers have a fixed classroom and students do not have a fixed 
classroom. Similarly, Chinese teachers encounter the same challenges to coherence 
because of the gap between the elementary stage and low-secondary school. Low-
secondary teachers do not know their students’ prior knowledge before they start 
teaching mathematics at the beginning of sixth grade. In addition, some Chinese teachers 
mentioned that exploring the meaning of EF was a good opportunity to review and 
deepen the understanding of the concept of fractions. Therefore, to explain EF, teachers 
can use different models related to the definition of fractions. Teachers in the United 
States also mainly used the part-whole relationship to explain EF. Few US teachers 




across grades, while most Chinese teachers mentioned the connections and different 
interpretations of fractions, but only superficially.    
 To implement a coherent instruction of EF, teachers must be versed in the fact 
that fractions have different interpretations that can be used to explain EF. This 
knowledge can then provide more opportunities for students to understand EF. Prior 
studies showed that the part-whole interpretation of fractions may limit one’s 
interpretation of EF to “the same shaded parts of the same whole” (Ding et al., 2013, p. 
67). Also, the interpretation of part-whole ignores discussions about the numerical 
relationships but regards EF as a procedural operation: A numerator represents the parts 
and a denominator represents the total number of parts in the whole (Simon & Tzur, 
2004; Tzur, 2007).  
 Significant differences exist among the interpretations of fractions across grades. 
Some US and Chinese teachers believed that the content of EF should be included in the 
unit of the comparison of fractions: more than, less than, and equal. As Ma (2010) said, 
“a well-developed conceptual understanding of a topic also includes [an] understanding 
of another aspect of [the] structure of the subject--attitudes toward mathematics” (p. 24). 
The learning of fractions cuts across several grades in the elementary and low-secondary 
stages. The coherent interpretations of fractions could be an implicit structure through 
which students can learn fractions across grades. This aligns with one of three aspects of 
curriculum coherence in Schmidt et al. (2002): deep structure, “a coherent arrangement 




particulars to deep structures, and though using deep structures to make connections” 
(Cuoco & McCallum, 2018, p. 247). 
 Generally, the coherence of mathematical content is more than a deep conceptual 
understanding of elementary mathematics; it is the awareness of the conceptual structure 
and the coherence of mathematical content inherent in mathematics. When teachers have 
coherent mathematical knowledge about elementary mathematics, they can see the 
whole picture, and deeply understand the structure of elementary mathematics.  
 The coherence of mathematical pedagogy is awareness of the development of 
students’ cognition and use of different representations based on the features of 
mathematical knowledge. Teachers with the coherence of mathematical pedagogy can 
reveal and represent connections between mathematical concepts and representations to 
students. They can show different aspects of a concept and various approaches to a 
solution, as well as their advantages and disadvantages. They can provide explanations 
to students in a manner that suits students’ cognitive characteristics.  
 Teachers must explain mathematical content based on students’ prior knowledge 
and capture students’ current understanding of content. Then teachers must use, design, 
create, and construct pedagogical strategies. Examples include the construction of a 
situation, the use of multiple presentations, and the organization of group discussions to 
help students build a connection between current and prior knowledge. Teachers pursue 
strong mathematical knowledge for teaching by emphasizing both the coherence of 




 Both within grades and across grade levels, teachers should know the underlying 
logical sequence of fraction topics instead of viewing mathematical knowledge as pieces. 
In addition, they should have the connections between the knowledge of across grades. 
This emphasis echoes the meaning of coherence in curriculum research (Schmidt et al., 
2005). 
4.7. Implications, Limitations, and Future Directions 
 In this study, the findings contribute to the understanding of teachers’ knowledge 
of EF and recognize the importance of instructional coherence in mathematics teaching. 
However, our findings are based on the interviews with a relatively small group of 
experienced teachers, and thus should not be over-generalized. Also, I did not collect 
data on teachers’ classroom teaching. Thus, the findings were based on an analysis of the 
teachers’ responses, not their actual instructions. 
 The findings of the differentiation between elementary and low-secondary 
teachers’ knowledge highlight the importance of instructional coherence for teachers and 
students. The importance of analyzing, across grades, the knowledge of teachers of 
different grades in regard to teaching from a dynamic and coherent perspective was also 
confirmed. In addition, the findings of this study have implications for classroom 
instruction and teacher professional development.  
 First, teachers can learn from the findings and deepen their understanding of the 
concept of EF within and across grade levels. Most importantly, they can realize the 
reasons for students’ misconceptions of EF. Teachers can then build awareness of 




knowledge of content and curriculum (Ball et al., 2008). With a deeper understanding of 
the coherence of mathematical content and mathematical pedagogy, teachers might 
become more mathematically knowledgeable about the design and thereby present more 
coherent instructions in their classrooms. 
 Second, curriculum designers can rethink the shape of the curriculum based on 
CCSSM and focus on showing explicit internal consistency for users to easily realize the 
coherent content and coherent pedagogy. For example, for Singapore math, there is an 
obvious characteristic of the representations of pedagogy: the use of the 
concretepictorialabstract approach. Similarly, a coherent curriculum can help 
novice teachers and unqualified teachers improve instructional coherence (Chen & Li, 
2010).  
 Finally, this study suggests that teacher educators should pay closer attention to 
instructional coherence. After all, mathematical content is coherent and must be taught 
using a coherent instructional approach. Teacher educators and teacher professional 
development affect the improvement of teachers’ knowledge of instructional coherence. 
Teachers who have coherent content knowledge and pedagogical knowledge are able to 
build a connected network of mathematical knowledge for teaching. 
 The studies of curriculum from the perspective of coherence (Schmidt et al., 
2005; NCTM, 2006) have confirmed the importance of coherence and provided a 
direction to improve teachers’ instructional coherence. For future studies, it may be 
helpful to focus on cultivating teachers’ beliefs in the significance of instructional 




consistency between teachers’ knowledge of fractions and their classroom teaching, but 
also analyze teachers’ knowledge for teaching fractions to identify the instructional 
coherence between fractions and EF across grades. Meanwhile, future studies can 
investigate teachers’ views of the relationship between instructional coherence and 
curriculum coherence to promote a better understanding of the MKT model in Ball et al 
(2008). Most importantly, future studies are needed to explore the approaches to help 
teachers improve instructional coherence and further fill the gaps produced by 
differences in different teachers’ instruction across grades as well as differences in a 
teacher’s instructions on different topics within grades. 
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This dissertation utilized the perspective of coherence to analyze textbooks from 
three different regions and analyzed teachers’ mathematical knowledge for teaching 
equivalent fractions. In this dissertation, I hope to provide a new perspective on 
coherence for researchers, textbook editors, and teachers to better implement their work, 
separately.  
5.1. Additional Thoughts on Coherence  
 To illustrate the importance of curriculum and instructional coherence, I would 
like to use the example of a taxi driver and a map from Ma (2010). Let us assume that 
mathematical concepts are the buildings in towns. Several towns could be a chapter in a 
textbook, and several chapters in a textbook could create an entire metropolis. Students 
could be people who just moved into a town. Mathematical content in one stage (like 
elementary) could be the map of the metropolis, including many towns. Teachers could 
be the drawers of the map of the metropolis or the navigators, like GPS. There are many 
buildings, and their residents need clear instructions about the available paths between 
any two buildings or about other paths to their destinations. A wider selection of paths 
means more convenience. One building in one town is similar to a concept within a 
grade, while two buildings in two different towns refers to concepts across grades. In 
general, people prefer to have broad selections to advance from one point to another.  
 A GPS allows one to easily arrive at a destination. Similarly, a teacher who can 




prior knowledge must have a clear map outlining the principles taught in their grade, or 
even across grades, like Google Maps. Students can easily understand the new concept 
when more paths are available by which they can become well-versed in a new concept. 
Furthermore, teachers must understand the personalities and different backgrounds of 
their students to provide appropriate support for them to grow at their own paces.  
 In my research, I completed three related studies focusing on textbooks and 
teachers’ knowledge by employing the perspective of coherence. I built a conceptual 
framework for textbook coherence including three aspects of coherence: macro-logical, 
meso-lesson-structure, and micro-example-practice. The purpose was to show the 
coherent characteristics of equivalent fractions in different textbooks and to provide an 
opportunity for textbook designers and teachers to better understand the approaches of 
three different educational systems.  
 Continuing on the study, I explored the coherence of the presentation of 
problems in a micro-level of example-practice problems. Based on the variation of 
problems, I built a conceptual framework for problems’ cognitive requirements. Altering 
one or more aspects of problems (responses, reasoning, operation, connection, and 
representation) can lead to the modification of problems’ cognitive requirements. I 
examined the differences in example and practice problems’ cognitive requirements 
among the three series of mathematics textbooks to show their characteristics in terms of 
the variation of problems. The purpose was to provide a new perspective from which 
textbook designers can improve the quality of textbooks through an examination of 




five aspects and create problems that are better suited for students’ cognitive 
development. Teachers can also employ, select, and create appropriate problems suited 
to their students’ cognitive levels by altering the problems’ five aspects. 
 Finally, in the third study, I employed the perspective of instructional coherence 
to examine teachers’ knowledge for teaching equivalent fractions. According to the 
model of mathematical knowledge for teaching (Ball et al., 2008) and curriculum 
coherence (Schmidt et al., 2005), I built a conceptual model for instructional coherence 
based on two aspects: coherence of mathematical content and coherence of mathematical 
pedagogy. Following this framework, I designed four interview tasks to examine 
teachers’ knowledge for teaching equivalent fractions. I then analyzed teachers’ 
responses in terms of two aspects: instructional coherence in a specific grade and 
instructional coherence across grades. The findings provide evidence about instructional 
coherence in that selected US and Chinese teachers did not pay sufficient attention to the 
instructional coherence of equivalent fractions. For example, few US teachers discussed 
the connections between different models and interpretations of fractions across grades, 
while most selected Chinese teachers mentioned connections and different 
interpretations of fractions, but only superficially. To implement a coherent instruction 
of equivalent fractions, teachers must be well-versed in the fact that fractions have 
different interpretations that can be used to explain equivalent fractions. By using 
different interpretations of fractions, teachers can provide more opportunities for 
students to understand equivalent fractions from different perspectives, like fractions as 




5.2. Future Research Plan 
 For my future research, I will continue exploring the relationship between 
curriculum coherence and instructional coherence based on teachers’ interview data. 
Following my dissertation topic, I will investigate teachers’ understanding of fractions 
based on the perspective of curriculum coherence. I also hope to further verify the 
relationship between teachers’ perceptions of curriculum coherence and teachers’ 
instructional coherence. Clearly, teachers’ coherence of knowledge is a critical 
component of mathematical knowledge for teaching and professional development. This 
topic is still valuable to explore in the future. 
 Because the history of mathematics already provides detailed information about 
the development of mathematics, my long-term research goals include integrating the 
history of mathematics into teaching. To that end, I will develop a course for teachers 
that will improve their knowledge of content and curriculum. As Ma (2010) claimed, 
teaching should have longitudinal coherence, notably, “with profound understanding of 
foundational mathematics, teachers are ready at any time to exploit an opportunity to 
review crucial concepts that students have studies previously. They also know about 
what students are going to learn later, and take opportunities to lay the proper foundation 
for it” (p. 122).  
 Furthermore, based on my study about integrating the history of mathematics 
into teaching over the past several years, I have determined that this approach has the 
potential to provide an effective tool for educators to implement STEM education. 




woven together. The history of mathematics exposes interrelations between mathematics 
and other subjects, providing us with solutions to the challenges we face in our daily 
lives. For example, I designed an activity for pre-service teachers to measure the width 
and length of a table using a pen. The purpose of this activity was to explore the reasons 
why students must learn fractions. During this process, pre-service teachers engaged in 
the problem and better understood the definition and application of fractions, 
simultaneously realizing the beauty of mathematical thinking/methods.  
 In summary, this dissertation is merely the starting point of my academic career. 
My ultimate goal is to be an internationally recognized scholar of mathematics education. 
I will endeavor to improve teachers’ efficiency by improving their understanding of 
mathematical content. 
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